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Introduction I

® This teaching notes discuss three papers that deal with particular types of heterogenity:

— Basak and Cuoco (1998): Limited Stock Participation

* Agents have different constraints on stock market investing. In particular, some simply do
not.

— Jiang Wang (1993): Asymmetric Information

* Agents have different information about the fundamentals of the stock. Prices partly reveal
this information to uninformed agents.

— Basak and Crotouru (2001): Differences of Opinions

* Agents have the same information, but different opinions. In other words, they interpret
public signals differently.
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Aggregating Portfolio Constraints: Limited Stock Market Participation I

® The paper by Basak and Cuoco (1998) is particularly interesting because it provides nice insights
on the effects of limited stock market participation on risk premia, interest rates and so on.

® The idea is simple: Consider an economy where some agents are constrained and cannot participate
to the stock market. This can be justified by a class of agents facing very high transaction costs.

® We can study such a set-up in an environment similar to the one studied in TN1 and 2.

® Consider a standard exchange economy with a riskless and risky asset (as usual, we assume standard
requirements to the probability space and the filtration)

® The riskless asset is in zero net supply and its price is given by

B, = exp ( /0 t erT)

® where 7, is the(equilibrium) short-term risk-free rate.

® The risky stock is in positive net supply (normalized to 1) and it is characterized by a dividend
rate process

t t
dy = 0o + / s AT + / 05,dB;
0 0

® where 15 and o are progressively measurable processes.
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® The stock price evolves according to the lto process
t t
Sy =5y + / (Srp, — ;) dr + / S o.dB-
0 0

® where the processes {1, } and {0} have to be determined by equilibrium conditions.

® A trading strategy is given by a vector (gpo,gp) of amounts invested in the riskless asset and

risky asset. They are admissible if they satisfy the usual integrability (and square integrability)
conditions so that the wealth process is well defined and doubling strategies are ruled out.

® Given consumption plan ¢ € L., we have the dynamic budget constraint for the wealth process
Wi =@ + i is
th = (g@g?”t + Qi — Ct) dt + QﬁtO'tdBt
® There are two agents:

— Agent 2 is constrained and has log utility u” (¢) = In c)

— Agent 1 is unconstrained and has a utility function u!(.) satisfying condition A in TN1 (dif-
ferentiability and Inada Conditions)

Ui(c):EUOTe—W e )dt]

® subject to the dynamic budget constraint.

® Both maximize
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® Agent 1 (unconstratined) is endowed with 1 unit of stock and a short position of b units of bond.

® Agent 2 (constrained) is endowed only with b units of bonds.

® Assume that
1 —e 9T

b<750

® That is, agent 1 is not too indebted that it will make it impossible to settle his position before 7.

i 2
® An equilibrium for this economy is a pair of price processes (r, .S) and a set ( (gp N )) such
that

1. For each 4, (3", %') finances ¢;

2. ¢! maximizes agent 1 utility over the set of admissible trading strategies such that gao gt 0 =

So — b;
3. ¢ maximizes agent 2 utility over the set of admissible trading strategies such that 908’2 =0
and ©? = 0;

4. Markets clear: &+ =6, "' + 3" =0and 3' = S.
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The Benchmark Case: Unrestricted Investors I

® \We have already seen how to solve for the equilibrium in the unconstrained case.

® Define the aggregate utility function
U(c;\) = max u' (') + M” ()

cl+4el=c

® for some \ > (. Notice that

1. For simplicity, | use the reciprocal of the “\" s in TN2. Recall that there, we wrote U (c; \) =
Maxy i, o Aliu2 (). So, don't get confused when you check out the notation.

2. We renormalize \; = 1.

® Since in an exchange economy, consuming the aggregate endowment must be optimal for the
representative agent, we then have that the state price density is given by

_ Z/lc <5t >‘)
_—otUe (0r; 1
T U (B N (1)

® Recalling that the state-price density obtained by the condition of no arbitrage 7, is given by

N t 1 t
T = exp (—/ (7“5 — 21/ ) ds — / z/tdBt) where v, = at_l (py — 1)
0 0
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® \We obtain the dynamics

® Equating the dynamics of (1)

® Hence, one obtains

My — Tt

® where

d%t = —Tt%tdt — %tl/tdBt

and (2) we obtain the standard results
D (e U, (61;N))
Uc (50; )\)

ry = —

® where D (e 'U.(6;; A)) denotes the drift of the process e~ U, (; A); and

T
U (5N

_ s(r-%eOriA) s

St t[/t c U (00; \) !

1
= ¢ +a(d;A) M5t — §a (04 A) q (06 ) U<25

= a (515, )\) 05t0t

. . Z/[cc <5t7>‘)
CL((St, )\) = Z/[C (507 )\)
Z/{ccc 0 ;>‘

q(01;A) = ——< 6)

Z/{cc (50; >‘)

(2)
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¢ =

C =

W7 = E,

-,
/ (-
| J T
- T
/ (-
| J T

= F;

B U85 N
b= FE / et N T
[ 0 U, (505 >‘)

® Finally, from the results in TN2 the optimal consumption plans are given by

Ii (U (04 A))
T (%Z/{c (0 A))

® The “)\" must satisfy the budget constraint for agent 2 (because of the renormalization), that is

1l—e™

oT A

Efdt] =

® One can also solve for the optimal strategies for agent 1 and 2.

® Notice that the wealth of agent 2 (log utility) is given by

¢ U, (505 >‘)

U (65::0) ]
Z/lc U (0 0)
UGN N ]
Z/{c <5t7 >‘) (577 >‘)

A 1—e oY)

Z/{c <5t; >‘) gb
_ U (60; A)1 — e~ T
U6 N) 1 —e 9T
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® By Ito’s Lemma, we finally have that the diffusion part of dW}7, call it oy, is

U. (00; \) 1 — e 9T U (04; M)
owr = | D —————— | 054
’ Z/{C (515, )\) 1 —e 9T Z/[C (515, )\) 7

= Wf& (515, )\) 0'5715
= Wt20t_1 (pby — 7¢)

® where the last equality stems from (4)

® Since, by the dynamic budget constraint, we must also have

Owt = POt

® we finally obtain
903 = Wt20t_2 (bt — 14)
90?’2 = Wt2 (1 - Ut_2 (Ut — Tt))

® Clearly, the position for agent 1 can be obtained as complement of these, so that
1 1
Y = St— ¥
0,1 0,1
Yr = —%
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® Finally, one finds that the equilibrium consumption process evolves according to

dc. = ,uiytdt + aiytdBt

® where

et al ot o al R al t96.¢

i w

O-C,t — alio-é

® and where N .
. 1 7
4 — Z/{cc <5t7 >‘) CLi o ucc (Ct) and q@ uccc (Ct)
t T . ) t - N t — T~
U (04; \) ut, (c}) ut,. (c;)

(5)
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The Restricted Case I

® Obtaining “nice” formulas in this case is more challenging.

® First of all, since agent 2 is restricted from participating in the market, the “first best,” Pareto
efficient allocation cannot be achieved.

® |n this case, one cannot even construct a representative agent with fixed weights, as we did in
TN2.

® However, we can construct a representative agent with stochastic weights.

® This approach has been first put forward by Cuoco and He (1994) in the context of incomplete
markets.

® More specifically, consider a representative agent with stochastic weights

U(e,\)=FE [ /0 ' e U (¢, M) dt]

® where
U (e, \) = max u' (¢) + Mu® () (8)

#+ﬁ:q

® and )\, is a stochastic weight yet to be determined.




Pietro Veronesi Topics in Dynamic Asset Pricing TN#5, page: 12

® As before, consuming the whole endowment must be optimal for the representative agent and

hence

Z/[C <5t7 >‘t)

U, (00, Xo) )

T = €_¢t

® must still identify the state-price density for the whole economy, which evolves in equilibrium as

dﬂ't = —Ttﬂ'tdt — 7Ttl/tdBt (10)

® where vy is the market price of risk.

® From the same type of argument as in TN2 (i.e. from the convexity of u! and u?) we have that
the optimal consumption ¢; and ¢; that solve (8) when c; = §; and ); is given must still be

¢ = I, (U (6;, M)
1

G =1 (—Uc (5t,>\t))
At

® This implies

® which yields
1 (Al
A = = (@) (11)
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® Now, agent 1 faces dynamically complete markets (he can trade in both securities) and hence we
also know that

¢ =1, (vye'm) (12)
® for some 1), > 0, which in turn implies
ue (6) = ¢re'm (13)

® Agent 2 instead is barred from investing in the market (too high transaction/information costs?
Too poor?).

® Hence, agent 2 faces a dynamically incomplete market. Since he/she has log utility, however, we
can still solve for his/her optimal consumption.

® |n fact, since she is barred from investing in stocks, effectively this investor faces a “restricted”
state-price density

® This state-price density reflects the only investment opportunity that is available to the restricted
agent, namely, the bond.

® That is, the state-price density of this agent is simply given by

9 1
T = [3

® Hence, his/her optimal consumption will be

G =TI, (e, ) (14)
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® for some 10, > 0, which in turn implies
2 (2 t -1
U (Ct) = ge” 3;

® |n other words, because the two agents face different investment opportunity sets, they also face
different state-price densities.

® Substitute everything into equation (11) to find

Ui (CZ[) By

2@
® Apply Ito’s Lemma to find
¥y Uy
d\y, = —0,dmy + —mdj
P T g
(0 (0 (0
= w;ﬁtrﬂrtdt w;ﬁt tthBt+¢;7TtTﬁtdt
= —)\tl/tdBt

® \We must also have

€_¢tuc (515, >\t)
Z/[C (507 )‘0)

(15)

T —
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® which yields (we write U (§;, \;) = U (t) for simplicity)
D(e U () e

dm; = n (O) + n (O) (Z/{CC (t) o5 — U, (t) )\tl/t) dB;
e U, T
D e(_wuli O(;f>) et gy U (105 = o (1) M) B,

® where D (e U, (0;, \¢)) denotes the drift of the process e “'U, (0, \y).
® Hence, confronting with (10) we find

D (e U, (6, \r))
e~ U, (0, \r)
(Ucc (t) o5 — U, (t) Avy)
U (t)

ry = —

vy = —

® From the last relationship, we can solve for the equilibrium market price of risk v;

Vi = — U <t) 05

U, (t) — U, (t) At

® |t is possible to show that (see Basak and Cuoco (1998, Lemma 2))

Z/{cc (t) L uic (Ii (Z/{C <5t7 At)))
U. (1) — U ()N U. (6:, M)

(16)

(17)

(18)
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® \We can finally rewrite the process for the stochastic weight )\ as

D= ) e (Zy (Ue (61, M)
T U6 M)

O'(;dBt (19)

® These are necessary conditions.

® One has still to prove (1) that the equilibrium exists; and (2) that given the interest rate r; in
(16), the market price of risk in (18) and the process for ); in (19), the optimal consumption
plans are given by (12) and (14).

® This is done in the paper, who report the following Theorem:

® Theorem: Suppose that there exists a strictly positive solution A to the SDE (19), with )\ being
the solution of
B 1 —e T Ao

A TREY

® and that ,
E [/ €_¢tuc (515, >\t) 5tdt < 0
0

® Then, there exists an equilibrium where

1. The interest rate is given by:

D (€_¢tuc (515, )\t))
€_¢tuc (515, >\t)

ry = —
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2. The stock price is (if \;is in fact a martingale):

T
(e Ue (57 >\7')
Sy =F / e T TS dr
: : [ ¢ U, (04, M)

3. The bond price is:

4. The optimal consumptions are

5. The optimal trading strategies are

0,1 _
902[’1 = 5
-t __ ,—¢T
0,2 e e
1,2
e, =0

® Proof. See Basak and Cuoco (1998)
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two state-price densities.

® [ his in turn affects stock returns.

® Corollary: The equilibrium interest rate and risk premium have representations

1
re = Q4 Qifisy — §at%10<25,t

1
Hy — T = Q;045t0¢

® |n addition, the optimal consumption policies satisfy

dc, = ,uiytdt + aiytdBt

® where
a la 1
1 t 112 1_2
Moy = —THst — 5 79%0s54+ =q; O
et a% 5.t Qa% t9o T 5496
P P
= t
c,t CL% 0, 9 % tYot
1
O-Ct — 0-5

® The key point of this representation is the weighting process \;. Recall that this represents the
ratio of the marginal utilities of consumption of the two agents, or equivalently, the ratio of the

® As this ratio moves stochastically over time, we are giving more or less weight to the marginal
utility of one or the other agent within the “representative agent” representation of the economy.

(23)
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® Remarks:

1. From (20), the interest rate has a very similar form as in the unrestricted case. However,
the interest rate is negatively related to the volatility of endowment through the prudence
parameter of the unrestricted agent only. This stems from (25) and (26), that show that only
the unrestricted agent has a “risky” consumption path.

The equity premium only depends on the risk aversion of the unrestricted agent.

3. Compared to the unrestricted economy, the volatility of consumption of agent 1 is increased
while the one of agent 2 is decreased. This is because the restricted agent is now the only one
that has to bear the risk of stemming from the a stochastic dividend.

N
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Calibration I

® Does it matter for stock returns? Can we solve “puzzles’? Do we create new ones?

® Basak and Cuoco (1998) calibrate the model by assuming the standard CRRA utility function
7

u' (c)

® First, they notice that as the fraction x of nonstockholders increases

1. The equilibrium interest rate decreases (very quickly), obtaining a plausible explanation for
low interest rates;

2. The equity market price of risk increases, as the stockholders must hold more and more of the
aggregate risk.

® Mankiew and Zeldes (1991) estimate = .68. Hence, the authors can match a real interest rate
of 1.3% and the historical market price of risk of 0.37 with a coefficient of risk aversion v = 3.3
which implies a representative agent with risk aversion equal to 1.3,
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Figure 1

Behavior of the equilibrium interest rate

The graph plots the equilibrium interest rate implied by the model as a function of the
nonstockholders’ share of aggregate consumption, assuming that stockholders display CRRA
preferences with a relative risk aversion coefficient y equal to 1, 4, 7, and 10. The parameters
of the aggregate consumption process are chosen to match the estimates reported by Mehra and
Prescott (1985). The dotted line corresponds to Mehra and Prescott’s estimate of the mean real

interest rate.
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Figure 2

Behavior of the equilibrium market price of risk

The graph plots the equilibrium market price of risk implied by the model as a function of
the nonstockholders’ share of aggregate consumption, assuming that stockholders display CRRA
preferences with a relative risk aversion coefficient y equal to 1, 4, 7, and 10. The parameters
of the aggregate consumption process are chosen to match the estimates reported by Mehra and
Prescott (1985). The dotted line corresponds to Mehra and Prescott’s estimate of the market price
of risk.
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Asymmetric Information and Stock Market Prices I

® We start by studying the paper of Jiang Wang (1993).

® The economy is different from the one studied so far, but it has been used widely in the literature
(see e.g. Campbell and Kyle (1993), Veronesi (1999).

® Consider a probability space (§2, P, F) on which a 3 x 1 dimensional Brownian motion {B;} is
defined.

® Risky Asset: There is a risky asset generating a flow of output (dividend) at the rate D;, where

dD; = (I, — kDy) dt + bpdB,

® [[, is a state-variable following an O-U process

dHt = ar (ﬁ — Ht) dt + bHdBt

® Assume k > 0, arp > 0, 11 are constants and b and by are 1 x 3 vectors of constants.

® Notice that for £ > 0 and a; > 0, the dividend process is then stationary. When k£ = 0 the
dividend process becomes non-stationary (but the growth rate of dividends is).
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® Noise: The total amount of the risky asset is 1+ ©;, where evolves according to the O-U process

d@t = —G@®tdt + b@dBt

® The noise process Oy is necessary to make sure that the equilibrium price does not reveal all the
information to the less informed agent (to be defined below).

® Riskless Asset: There is a riskless asset, returning a constant interest rate r. This is to be

thought of as a risk-free storage technology. All investors have access to the storage technology
at no costs.

® For later reference, we denote the price of the risky asset ;. We will find its equilibrium value
below.

® Investors: There are two types of investors:

1. Informed Investors: There is a fraction (1 — w) of informed investors, who have full information
on the economy. Specifically, they observe the dividends, the growth rate of dividends and the
price of the stock. Hence, their information set is

‘Fti:{DT7PT7HT:T§t}

2. Uninformed Investors: There is a fraction w of uninformed investors, who have only partial
information about the economy. They are assumed to observe only the dividends and the price
of the stock, but not the current growth rate of dividends. Their information set is

4 ={D,, P.: 7 <t}
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® Remark: Informed agents do not observe directly the level of noise trading ©;. However, they will
be able to figure it out from the equilibrium price function. Hence, equivalently, we will impose
throughout that
F ={D,, P, 11,0, :7 <t}

® Preferences: Agents are identical and endowed with the CARA instantaneous utility of consump-
tion
u(c,t) = —exp (—pt —ycr)

® where p is the time-impatience parameter and v the coefficient of absolute risk aversion. We set
« = 1 for notational simplicity (results can be extended easily).

® Independent Shocks: It is assumed that

bD = (OD,0,0)
bH - (O,UH,O)
b@ — (0,0,U@)

® The solution of the general case is feasible, but more messy!
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The Benchmark Case: No Asymmetric Information I

® To check what is the effect of asymmetric information on asset prices, it is important to first
discuss the equilibrium prices when there is no asymmetric information.

® In this case we could have all informed (w = 0) or all uninformed (w = 1).

® \We study the simpler case where all agents are informed and discuss the “uninformed” case later.

® Proposition 1: Under perfect information, the equilibrium price of the economy is

PP =P + (pg +16©:) (27)

— where

PP = E, [ / e—“S—t)Dsds] = ¢+ pB D, + ph1l, (28)
t

— is the risk-neutral price, and where

_ anpi 1 p_ 1
o= amill p_ L 29)
b = = |0B) o+ (f) oh] <0 (30)
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® This proposition shows that the price of the asset P? is given by the risk-neutral price PP*, that
is, the price that would occur if agents were all risk neutral, plus a (likely) negative term (from
(30) and (31)).

® Hence, it has the form of a discount on the price.

® The form of the risk-neutral price P”* denotes that the price function is linear in dividends D,
and the growth rate of dividends II;.

® This is clearly due to the linearity of the processes for dividends and dividend growth together with
the CARA utility function.

® Expected Excess Returns: It is convenient to work in is dollar terms, rather than percent
terms.

® Let dQQ” be the excess return to one share of the asset (financed at the risk free rate)

dQ” = dPP + D;dt — r PP dt

® From lto’'s lemma, it is simple to show that

E; [dQ"] = [-rpy* — (r + ae) pg O] di

® Hence, expected returns are time varying as the level of noise trading changes over time.

® The intuition is that as O, increases, investors are exposed to a higher amount of aggregate shocks
(recall that the total supply of the asset is 1 + ©;).

® Hence, a higher risk premium should be given in order to make investors buy the stock.
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® Finally, again by Ito’s lemma one can see that
2 *x\2 2
0o = (Pp)” op + (p

® Hence, the variance of dollar returns is constant.

been studied in Campbell and Kyle (1993).

*

I1

)2

2
O'H+

*\2
(P6) U%

® This implies by itself that the variance (volatility) of percentage returns (= o/ F;) increases when
P; decreases, generating the typical increase in volatility during downmarkets.

® The econometric properties of this model with symmetric information but with noise traders have
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Equilibrium with Asymmetric Information I

® To solve for an equilibrium we proceed as follows:

1. Conjecture a price function;

2. Solve the intertemporal maximization problem of the two agents, conditioning on the conjec-
tured price function;

3. Check that market clearing conditions and optimality conditions lead to a solution that has
the same form as the conjectured price function.

® The price function will depend on the state variables of the problem.

® What are the state variables?
® Given the assumed CARA utility function, wealth will not enter as a state variable.

® Certainly, Dy, II; and ©; are state variables.

® However, uninformed agents do not observe neither II; nor ©;. They will be able to estimate them
using some filtering algorithm and the information from equilibrium prices.

® Hence, we must include also the “induced” state variables, I, = F, [[1;|F] and ©, = E, [0,|F}.

® The following proposition is the (first) main result of Wang (1993)
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® Proposition 2: There exists a stationary rational expectations equilibrium with

P = (¢ +po) + phDy + prll; + pe©; + pAﬁt
= PP+ (po + peOy) + palh;

® where pr; = pE — pa, PP* is given by (28) and A; = ﬁt — I1,.
® Remarks:

1. A, is the estimation error of investors;
2. The equilibrium price reveals ©; to the informed investors, as claimed above;

3. The equilibrium price reveals to the uninformed investors the following sum of II; and ©;
Ay = pully + pe©y
— Hence, since we can write

P, = (¢ +po) +ppDs +pAﬁt + Ay

— we have that /\; is the variable that captures the information content of prices.
— In other words, observing D, and P, is equivalent to observing D, and A;.

4. The estimate of the state variable II; of the uninformed investor, II;, enters into the price
function. We would expect also ©; to enter, but this is not necessary, because one can show

prll; + pe©; = pull; + pe©;

— or

P <Ht - ﬁt) = —DPe <@t - @t)
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The Filtering Problem of the Uninformed Investors I

® Given the conjectured form of the price function, we can now apply the previous result about
optimal filtering and obtain the solution of the uninformed investors’ estimates 1I; and ©;.

® Within the set-up of TN 3, investors receive two signals, s; = (Dt,/\t)/ and must estimate the
state variables z, = (I1;, ©,)"

® Notice that A\; follows the process

d\; = [CLHPH (ﬁ — Ht) — a@p@@t] dt + brdB;

® where by=(0, prioy, pece) -

® Hence, we can write the process for the signals

dD;, 1, — kD, ) ( bp )
— — dt + dB
( d\ ) ( anpn (H - Ht) — appeO; b !

® All the processes are linear, we then obtain the result:
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e Proposition 3: TI; and O, satisfy the SDEs

( all, > - ( i <H _AHt) > dt + ( hnp fa ) (b,b') % dB;

o, — a0 hep hea

® where

ap, — (T, — kD) di
dA\s — <CLHPH <ﬁ - ﬁt) - Cl@p@@t) dt

Dol

dB,; = (b,b’)”

® where f;; are constants and B, is a standard BM with respect to F

® Remarks:

1. Here Wang (1993) only looks at the stationary equilibrium, hence the variance covariance
matrix H;, = E, [(zt —7) (2 — Et)/] , which evolves according to the Riccati equation, already
reached the steady state. Hence, H is assumed to be constant.

2. Recall that we started with the assumption that

3. Instead, from the above result, we obtain
B [dﬁtdl)t] >0 (32)
E [d(:)tht] >0 (33)
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— The intuition for this is rather simple: Investors use dividends to estimate II;, hence positive
innovations in dividends increase the estimated value of the dividend growth, generating (32).

— Similarly, when investors receive a good news in dividends, given a value A\; = ppll; + pe©;y,
they must increase the estimate of O, to offset the increase in Il (recall that pg < 0!).

— These induced correlations due to learning will be important to understand the effects of asset
prices.

3. Finally, it is possible to show that the estimation error A\; = Ht— I1; also follows a O-U process
dA\; = —apaAdt + badBy
® for two constant ap and ba.

® The last result also shows that one can rewrite

dil, = dIl, + dA,
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Return Processes I

® At this point we can consider what are the return processes perceived by the investors.

® From the price function

P = (¢ +po) + po Dy + pully + pe©; + pAﬁt

® we obtain

dP, = pPdD; + prdll; + ped®; + padil,
= {pp (Il — kDy) + anpf (I — 1) — aepe©; — aapalli} dt + bpdB,

® Hence, we can obtain an expression for the excess return process

® Proposition 4: The excess (dollar) return process is given by

dQ: = (eg + egOy + ealNy) dt + bpdB;

® where ey = —rpy, eg = — (r + ag) po and ex = — (r + ap) pa.
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® Clearly, asymmetric information implies a different perception of expected returns.

® For the informed agent, we have

E [th‘ftZ] /dt = eg + O + ead\y

® We already commented on why O, should enter the expected return for informed agents.
® Now we see that also the estimation error /\; enters in the expected return process.

® The intuition is clear: When A; > 0, uninformed investors are overestimating the expected growth
rate of dividends, an error that likely will be corrected in the future as more information arrives.

® Hence, informed agents forecast a price drop, leading to lower expected returns (as ex < 0).

® For the uninformed investor, we have

E[dQ,|F" /dt = ey + eoO;

® For them, the only source of risk is the (perceived) aggregate risk in the economy, which is
summarized by O.
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Intertemporal Maximization I

® We have to solve two intertemporal maximizations.

® The key is that under both investors information sets, the price P; is linear in variables that follow
Gaussian processes.

® Hence, both investors are going to have linear demand functions with respect to prices.

® This is what we need to close the loop, solve out for prices and show that it is indeed linear.

® Let X! be the number of shares bought by agent i at time t. Then:

e Informed Agent:
max E [—/ 6_p5_céd5.7:f]
X, t

® subject to | | |
AW} = (rW} — ¢}) dt + X;dQ,

® Letting J' (Wi, O, A, t) denote the value function, we have that the Hamilton - Bellman - Jacobi
equation is

0 = max {—e_ps_ci + DJZ}
Xt

® with some transversality condition.
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® Result: The value function J* (Wi, O, A, t) is
J (Wz" 0, A, t) _ _e—pt—rwi—vi(@,A)

® where V' (0,A) = 1W'viW is a quadratic function, with ¥" = (1,0, A) and v' is a 3 x 3
matrix of constants.

® |n addition, demand for stocks is

X] = fi+ 160 + fAN

® The optimization is more difficult for the uninformed agent:

max F [—/ e_ps_cgdsff]
t

XU cu

e Uninformed Agent:

® subject to
dW)' = (rW} — ') dt + X,'dQ;

® This maximization is complicated by the fact that the agent has only partial information on the
underlying economy.

® Luckily, the information structure implied by F}* = {D,, A, : 7 <t} turns out to be the same as
the information structure generated by {Bt}.
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® This implies that if we can restate the whole problem for the uninformed in terms of these two
innovations, we can use an approach similar to the previous one.

® |uckily, this is the case. From its definition we have
ap, — (T, — kD) di

N 1
dB; = (b;b}) * dA, — <CLHPH <ﬁ — ﬁt) — a@p@@t) dt

® which we can invert to write

dD; \ <ﬁt — k’Dt) 1~
( dAtt ) - <aHpH <ﬁ B ﬁt) - a@p@@t) dt + (b,b’)? dB,

® In this case, we can use the definition of the price function as

P, = (¢ +po) + phDy + prll; + pe©; + pAﬁt
= (¢ + po) + pth + pall; + Ay

® Hence, we can compute the expected returns in terms of the innovation d]§t rather than dB;.

® As we have seen, it turns out that we have

E[dQ,|F" /dt = ey + eob;
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® Hence, O, is the only relevant state variable for the uninformed investors, because it determines
the expected returns. (Recall that the volatility is constant).

® Letting J" <W“, (:), t) denote the value function, we have that the Hamilton - Bellman - Jacobi
equation is
0 = max {—e_ps_cu + DJ“}
XU cu
® with some transversality condition.

® Result: The value function J* <W“, @,t) is

Jt <W“, @,t) — e pTWE=V(9)

® where V" <(:)) = %\PUIVU\PU is a quadratic function, with ¥¥ = <1, (:)) and v’ is a 2 X 2 matrix
of constants.

® |n addition, demand for stocks is R
;L — féL + f(g@t
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Market Clearing I

® Finally, we must have that the asset market clears:

14+6; = (1 —w)X] +wX/

® Thatis | | R
1+0, = (1= w) (fy+ f600+ fA) +w (13 + 156

1+6; = (1 —-w) <f8+fé@t — fa <Ht — ﬁt))
+w (f(% + f(g@ <Ht - ﬁt) + f(g@t)
Pe
® Hence, we finally obtain the following system of equations
(1—w) fo+wfy =1
1-w)foe+wfe =1

7 upH
—(l-w)fa+wfe— =0
Pe

® |f one can show that a solution to this system of equation exists, then the loop is closed.
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Asset Pricing Implications I

® \We can now investigate what are the effects of asymmetric information on asset prices.

® Stock Prices

1. Compared to the benchmark, we have
P, — PP = paA + ((po + pe©:) — (p§ +p564))

— The first piece, pa4, is driven by uninformed investors' estimation error.

— If they are optimistic, the price is going to be higher compared to the benchmark case,
while if they are pessimistic, the price is going to be lower.

— The second piece is the difference in the discounts required. This is a negative shift, showing
that the presence of uninformed investors decrease the price of the stock.

2. Prices are “history” dependent: Uninformed investors base their estimates of dividend growth
partially on the information revealed by prices themselves.

— Suppose uninformed investors observe a sequence of good shocks to prices. They can
believe partly that this is due to ©; decreasing and partly that is due to II; increasing.

— Hence, they increase 11, increase the demand for stocks and drive up the price further.
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® Price volatility

1. Compared with the benchmark case, increase in the number of uninformed agents tend to
increase the volatility of stock prices

— The reason is that there is an extra kick from imperfect information. Under perfect infor-
mation, an increase of dividends increase the price “1 to 1.”

— If a fraction of agents are uninformed, an increase in price also increase their estimate ﬁt,
giving an extra kick to the current price (because they now believe that dividends are going
to be even higher in the future). This increases volatility.

2. However, it turns out that the relationship is not monotonic. When o¢ is high, an increase in
the number of uninformed may decrease the volatility of stock prices.

— The reason is subtle: Consider the case where everyone is uninformed. Then, since II;
drops out of the price function, investors can perfectly observe ©;. Hence, prices are not
used to filter out future information about dividend growth.

— Now, suppose that some informed traders are introduced in the market. On the one hand,
they stabilize the prices, because there is more aggregate information in the market.

— On the other, now the uninformed must partly use prices to filter out what is the current

I1;. Since increases in prices must be correlated with increases in I1;, the volatility of prices
can actually increase.

3. The above discussion implies that it is not necessarily true that more informed agents in the
market tend to stabilize the prices. They may actually de-stabilize it!
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® Risk Premium

1. The risk premium is given by F; [dQ;/P}].
— Increasing the number of the uninformed agents affect the risk premium in two ways:
— The first, through the numerator: Now E' [dQ)] may increase (for the informed agent).
— The second is through the denominator: We just saw that the price P; decreases (at least
in the long run).

— Hence, we can expect that the introduction of asymmetric information increases the risk
premium that informed agents require on stocks.

e Autocorrelation

1. Wang (1993) shows that the model is consistent with either positive or negative autocorrelation
of stock returns, even in the case of symmetric information.

— Intuitively, this stems from the mean reversion of © that induces a time varying equity
premium

— However, Wang (1993) shows that the presence of asymmetric information increases the
autocorrelation of stock returns, because the feedback effect through the prices.
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e Optimal Investment Strategies:

— How do the two classes of agents trade?

— This can be obtained by the two demand functions

th' = fé+fé@t+fiAt
X/ = fi+ [6O:

— It is possible to show that depending on parameter values

E, [dX!dP) > 0

— That is, increases in the price of stock increases the demand for assets of the uninformed
trader.

— That is, uninformed traders would act as “trend chaser,” in the attempt to extract information
from the more informed agents.

— Given that market clearing must hold, the above discussion would imply that informed agents
would tend to act as “contrarians,” by buying losers and selling winners.

— The idea is the informed traders trade on their superior information, knowing the type of
mistake that the uninformed agents are making.

— Since they expect the mistake to “revert” back, they act in opposition.

— Notice that this does not imply that there is any arbitrage: All these investments are risky and
hence risk aversion prevents them from taking infinite positions.
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Differences in Opinions I

® A totally different model is one that goes under the heading of “differences in opinion.”

® Under the asymmetric information model studied above the idea is that there are a group of agents
who have more information than others.

® Hence, the “others” try to use equilibrium market price to partially infer the information of the
informed agents.

® The differences of opinion (or beliefs) literature focuses on a different issue.

® The basic assumption is that everybody have the same information, but they either use different
models to interpret it or have different prior beliefs at the “origin” able to generate persistent
differences in beliefs.

® For example, consider again the case where there is a single state variable and a single signal

dZt = [CLZ() + azzzt] dt + bdel,t
dSt = tht + bsdBQ,t

® with dBl,tdBQ,t = 0.
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® From the result in TN 3, if ¢* is the stationary mean square error ¢* = F [(zt — /2})2] we have

that the posterior mean Z; evolves according to the SDE

dz = |a.0 + a..z] dt + [q"a..] bs_ld§2¢

® where

dBy; = b (ds; — E[ds;|F)) = b (ds; — Zdt)

® Now, consider two agents who start at time zero with a different mean z} # zZ.

® The filtering result then implies

1. Each agent has its own process for Z

d/Z\z = [azo + azz/z\z] dt + [Z]\CLZZ] bs_ldéé,t

2. Since the innovation dég)t depend also on the prior Z,

dBy, = b (ds, — Zjdt) (34)

— also the Brownian motions are individual specific;
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3. Inverting (34) we obtain N
dsy = Z{dt + bsd By,
— Hence, even though each agent observes the same signal, the process for it is specific.

4. However, we must have the following consistency requirement

2hdt + b,dB), = Z3dt + byd B3,

— Hence, we can always rewrite

~1 22
At T A

bs

® We now use the results as above to study the implications of differences of opinion for stock
returns.

dB3, = dBy, + "

® |n addition, we will find interesting equilibrium “mispricings” under portfolio constraints.
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Differences in Beliefs on Dividend Growth I

® We follow the recent Basak and Croitoru (2000), even though differences in beliefs was not the
focus of their paper (see below).

® Consider a standard economy where a dividend process is given by

d5t = 5t,u57tdt + 5t05,tdBt

® The mean growth 5, and volatility o5, are assumed to satisfy standard regularity conditions.

® There are two (classes of ) agents. They both observe d; but ignore 1i5,. Hence, they have a
common information set F; = {0, : 7 < t}.

® They use the information from d; to deduce the value of 1i5;.

® Rather than specifying the process for 15, and obtain “filtering results” etc. as we have done

above, it suffices for us to assume that agents have a different probability measure P’ on the
measurable space (€2, F) that disagree on some sigma-field H.

® Hence, we can define

Ug,t = EZ [Mé,t ]:t]

® where £ [.] denotes expectation with respect to the probability P’
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® The innovation process B! induced by agent 7, given the Brownian filtration {F;} is then

® Hence, we can also write

® where

® Clearly, 11, parametrizes agents's disagreement.

® Remark: Notice that each agent knows (or can deduce) the other agent forecast. They have
common information although heterogeneous priors.

® The agents agree to disagree! Under this condition, the standard Milgrom-Stokey no-trade theorem
does not apply. (It applies to the common prior case).
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Securities Market I

® |et there be a stock in constant net supply of 1, paying the continuous dividend rate ¢;.

® |ts price S; has dynamics
dSt + 5tdt = St (,usytdt + O’S)tdBt)

® We can immediately rewrite this dynamics under the two different (perceived) Brownian motions
dSt + 5tdt = St (,ufg’tdt + O-S,tdBZ)

® That is, we must have the consistency requirement
,ufgytdt +05:dB} = ,u%)tdt + 05:dB;
= ,u%)tdt + 05,dB} + 0571,dt
= (M%,t +ogfl) + 0 sdB}

® Hence X ) X )

Hse — Hse  — Hsp = Mgy
=My =

OsSt 05t

® The relative disagreement in dividends must be equal to the relative disagreement in stock returns!

® Let there be a riskless bond in zero net supply

dB; = Byrdt
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Logarithmic Preferences I

® Consider the case where investors have logarithmic preferences and no time discount.

E' [ /0 ' log () dt]

® The time-preference parameter could be added without changing any of the conclusions. It is just
convenient to have it equal to zero.

® That is, they maximize

® We should notice that each investor i faces a different (personal) state price density 7! because
of the different beliefs.

® That is, define the market price of risk for agent ¢ as

v é = U§,1 (:uis,t - Tt)

® Notice that we also have

® Agent ¢ state price density is

. t 1 ¢
Tp = exp (—/0 (rt+§(y§)2dt) —/0 z/édBZ)
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® Then, standard results imply that optimal consumption and allocation ! (fraction of wealth) are

! = Wi and izui—rt
yirt T —t 7t 025,75

i
C =

® Notice in particular that

1 —_
1 My =T Ly o L oy
Yy = 5 = Vi = Vi +
05+ OSt OSt St

2
= Yy T
OSt

® Differences of opinions generates trading in the securities market. As commented, the no-trade
theorem does not apply.

® On passing, notice that the no-trade theorem did not apply in the asymmetric model of Wang
(1993) either: In that case, agents also did not have common prior, due to the presence of noise
trading.
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Equilibrium I

® How do we construct an equilibrium?
work of Basak and Cuoco (1998) (limited market participation).

function

U (¢, \) = max log (61) + A\ log (02)

cl+02:ct

Ct >\tCt
=1 1
o8 (1 +>\t) T Aelog (1 + At)

5_(_\ — Z/{C <5t7 At)
! Z/[C (507 )‘0)

® Define the state price density

® We saw in TN2 that the optimal allocation is
1
Z/[C (5157 )‘t)

1 A
G =1, (A_tuc (5t,>\t)) = t

& = I, (U0, M) =

® We have already encountered a problem where agents have different state price densities in the

® Recalling the procedure we adopted in that case, we construct a representative agent with utility

Z/[C (5157 )‘t)
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® Hence, we must have

2 1

N — G 1Ty
t— 1 2
Cy YoTry

® By definition, we have

t t
= exp (—/0 (% (1/%)2 — (1/3)2 — z/fﬁtdt) —/0 (1/% —v?

® where we used the fact that dB? = dB} + f,dt.

® Hence, recalling that i, = v} — 17, we have
1 o 1 9 - 1 2
A R Y
® which yields

1 t t
1
A= LI~ exp (— / it — / mdBé)
Y2 Ty 0 2 0

® Hence, the process for 11, determines the process for the stochastic weight \;

A\

N ~7dB;

7T-:t[ ‘(1 1\ 2 2\ 2 ! 1 7ol ! 2 112
— = exp (—/ (— (v;)" == (v}) dt) —/ v,dB, +/ z/tdBt)
4y 0 \2 0 0

)i
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® By using standard arguments developed in previous teaching notes, we obtain the following results

1. The optimal consumption for the two agents are

0 A0
1 l 2 tVt
pu— d pu—
TN T T
2. The stock price is given by
St — (T - t) 515
3. The market price of risk is
vl =05, + A
t 0.t 1 + )\tlut
Vi =05, — L

4. The equilibrium interest rate is

1 1 At 2
+ - I
1+>\t'u5’t 1+>\t'u5’t Ts

ry =

® |t also turns out that
whoo 1

® Hence, the risk-free rate is given by a wealth-weighted average of the drift rates of the dividend
process, according to the two investors beliefs.




Pietro Veronesi Topics in Dynamic Asset Pricing TN#5, page: 56

® Notice that the stock price is proportional to the dividend, exactly as in the case of common
beliefs. This is an artifact of the log-utility case. More general preferences would give a role for
differences in beliefs for the stock market price as well.

® The market price of risk of the two agents differ, depending on the disagreement. If agent 1 is more
optimistic, then his sharpe ratio increases, while the one of agent 2 decreases (quite obviously).
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Portfolio Constraints and “Mispricing” I

® Basak and Croitoru (2000) assume that a redundant security (derivative) is introduced in the
market.

® Let its price be P;. Suppose it pays no dividends, so that

df)t = f)t (,uP,tdt + O’P)tdBt.)
= P, (up,dt + o pydBy)

® Because of the same argument as before, we have
1 2 _ -
Hpy — Hpt = 0Pty

® Clearly, there are two securities and one BM, hence we know that the payoff of P, can be perfectly
replicated, unless we introduce some frictions to prevent market completeness.

® Let ' = (gpiB, ©l, gp}) be a trading strategy in terms of percentage of wealth 17/ invested in
each security (they must add up to 1).

® Basak and Croitoru (2000) then impose a short sale constraint on the stock and an upper bound
to the fraction of wealth that can be invested in the derivative security (no unlimited borrowing)

ps > 0and o) <7
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® |t may happen then that in equilibrium the sharpe ratio of the stock and the derivative security
differ.

® | et us denote . .
7 7

i o :uP,t — Tt :uS,t — T

PSt — —

Opt OsSt
® We say that P is favorable if Al g, > 0.
® The consistency of security prices yields immediately the following

® Result: Agents agree on the misspricing:

Hpy — Tt Mgy — Tt

Opt OS5t

1 A2 . _
AP,S,t - AP,S,t - AP,S,lt -




Pietro Veronesi Topics in Dynamic Asset Pricing TN#5, page: 59

Optimal Allocation Between Stock and Derivative I

® |t is convenient to solve the allocation problem in two steps.

® |n the first step, define a composite risky security by
Dy = Sﬁg,t + SOZP,t
Ost

® Since the volatility of wealth is W/®!og,, the composite risky security ®! can be interpreted as
agent i's “composite’ risk exposure, defined as his wealth volatility per unit of stock volatility.

® Lemma: Let ®! be given. Then

1. If there is no mispricing, all pairs such that

— is an optimal allocation.
2. If P is favorable, i's optimal risk allocation between S and P is

~ ; OPt__
Ps; = max ((I)i - O)
OSt

i —_ OS¢ i OPt_
i = 7~ 2 (- (1= 225 o)
OPpt OSt

® When ! is given, it is simple to compute the optimal allocation: Check which security has the
highest Sharpe ratio and invest as much as possible there.
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Allocation in risky and riskless asset I

® The problem is to choose between ®! and consumption.

® The problem is that there are borrwing and short sales constraints.

® TN 6 explain the methodology in detail. But, in words the idea is to generate a space of fictituous
economies, indexed by some process v;, such as to transform the model with constraints in a set
of un-constrained maximization problems.

® Suppose that out of the class of possible fictituous economies, you found the process V™ that
satisfies the short sale constraints above.

® Then, an application of the results in TN6 yields that the optimal consumption is

i i _
¢, = — and ¢, =

® where /! and 7! are the market price of risk and the state price density obtained by using v/*, that

IS .
— 1%

OsSt OS5t

. try o1 E
T, = exp (—/0 (r§+§(1/§)2dt) —/0 z/édBZ)

® and where 7' also is the perturbed interest rate obtained by adding the first component in v*.

® and




Pietro Veronesi Topics in Dynamic Asset Pricing TN#5, page: 61
Equilibrium I

® |t is possible to check that the only situations where the allocations are consistent with the
equilibrium and the consistency of security returns are either of the following

1. No misspricing:
Aps =10

2. P favorable with

> (35)

3. The converse.

® That is, for both agents P is favorable, but for agent ¢ investing in the risky asset rather than in
bonds is strictly better than for 7, as the Sharpe ratio is strictly higher.

® But this implies that the “mispricing” is going to remain in equilibrium: Investor 7 would like
to invest even more in the composite risky security, but it cannot because it cannot borrow
unlimitedly.

® Also agent j would like to sell the stock, but he instead hit the short sale constraints.

® By applying a method similar to the one we wrote above for the no-frictions case, one can find
the following results:
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® Proposition:

1. If
—1 ij\t (MYyopr +054) < iy < ! ij\t (AMYopt+051)
— Then, there is no misspricing and we are back in the case with no frictions.
2. If oy
ey > (AYopt+ 061)

At

— Then (35) holds with i = 1 and j = 2. In this case, the equilibrium misspricing is

_ 1+ N
t
3. If L
oy < — i (MYopr+ 054

At

— Then (35) holds with i = 2 and j = 1. In this case, the equilibrium misspricing is
1+ N
At

® The bottom line is that portfolio constraints generate equilibrium “mispricing” when agents have
motives to trade.

Apst = —J — (AMyopr +054) >0

® |n equilibrium, the two agents have different views of the world and would like to take advantage
of their own beliefs.
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® Since they cannot take any position, the prices of otherwise redundant securities go out of line.

® For example, consider again

Wpy — Tt gy — T Hpy =Tt Mgy — Tt
Pt S Hsi Pt S Hsi
Opt OS¢ Opt OS5t
® Both prefer P to .S, but 7 is more optimistic than j on both securities with respect to the bond.

® Hence, ¢ wants to load on the “risky” security while 7 want to sell short the “risky” security.

® Therefore, i will be driven to his upper bound (pp = 7) in P, and it would still want more of the
stock 5.

® Similarly, agent 7 will be driven to the lowest bound for S (g = 0) and still wants to sell short

® These desires are incompatible with market clearing!

® Since P is in zero net supply and it is the only security that can be sold short, the total dollar
amount of j's short sale is limited by i's upper constraint on P (that is W7 > —5W").

® Hence, prices must adjust to make P more favorable (and hence short selling it more costly) with
respect to 5.

® The equilibrium mispricing follows!

® Notice that homogenous beliefs kill the “mispricing” because in this case we have 1, = 0, which
yields the no-friction case (even if there are frictions).




