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Bond and Stock Comovement

• At the onset of 2008 recession, stocks dropped while Treasuries prices soared.

– =⇒ Negative covariance.

• Much different of 1981 recession, when investors dropped stocks and bonds.
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Bond Return Volatility and Yields

• The relation between bond return volatility and their yield to maturity is strongly
time varying, being positive in 1980s and negative in 2000’s.

– Defies conventional term-structure models, such as CIR (1984).
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Stock Return Volatility and Valuation Ratios

• Similarly, the correlation between stock volatility and P/E ratio also varies, flipping
to positive at times

– Defies conventional wisdom and many models (e.g. habits, LR risk)
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• In this paper we show that all of these stochastic changes are in fact intercon-
nected, and due to learning about economic and inflation regimes.
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The Model

• Representative agent with CRRA preferences

U(Ct, t) = e−ρt C1−γ
t

1 − γ

• Real Consumption:
dCt

Ct

= κt dt + σQ dWt,

• Inflation:
dQt

Qt

= βt dt + σQ dWt,

• Earnings:
dEt

Et

= θt dt + σE dWt,

• Signals:
dSt

St

= θt dt + σS dWt
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The Model

• Fundamentals: Xt = (Ct, Qt, Et, St)
′,

– Volatility matrix: Σ = (σ′
C, σ′

Q, σ′
E, σ′

S)′.

– Drift vector unobserved: νt = (κt, βt, θt, θt)
′

– νt jumps between n− composite regimes {ν1, ..., νn}, with generator Λ,

∗ Each composite regime is a collection of drifts rates ν
i = (κi, βi, θi, θi)′

• Investors’ Beliefs: Define πit = Prob
(

νt = ν
i|Ft

)

. Then

dπit = [Λ′
πt]i dt + σi(πt) dW̃t,

– where

dW̃t = Σ−1

[

dX

X
− Et

[

dX

X

]]

= normalized (Brownian) news vector

σi(πt) = πit [ν i − ν
′
πt]

′ (Σ′)
−1

= beliefs’ sensitivity to news
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Money Illusion

• Stochastic Discount Factors:

Real SDF : e−ρ(τ−t)

(

C−γ
τ

C−γ
t

)

; Nominal SDF : e−ρ(τ−t)

(

C−γ
τ

C−γ
t

) (

Qt

Qτ

)

• Full money illusion: Use Nominal SDF to discount real quantities.

• Basak and Yan (2010): Use mixture between nominal and real SDF

Mτ

Mt

= e−ρ(τ−t)

(

C−γ
τ

C−γ
t

) (

Qt

Qτ

)δ

• Obtain the dynamics
dMt

Mt

= −rf,tdt − σMdW̃t

– where σM = γσC + δσQ and rf,t =
∑n

i=1 πitk
i with

ki = ρ + γκi + δβi −
1

2
γ (γ + 1) σCσ

′
C −

1

2
δ (δ + 1) σQσ

′
Q − γδσQσ

′
C
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Asset Prices

• P/E Ratio:

Pt

Et

(πt) =

n
∑

j=1

Gj πjt; G = cA−1 · 1n

A = Diag(k1 − θ1 + σM σ
′
E, · · · , kn − θn + σM σ

′
E) − Λ.

– Define Gj = Conditional P/E ratios = cE

[
∫ ∞

t

Mτ

Mt

Eτ

Et
dτ |νt = ν

j,Ft

]

• Bond Price:

Bt(πt, τ ) =

n
∑

j=1

πjt Bj(τ ), B(τ ) = Ω eω τ Ω−1 1n

– where Ω and ω are the matrix of eigenvectors and the eigenvalues of

Λ̂ = Λ− Diag(k1 + β1 − (σM + σQ) σ
′
Q, · · · , kn + βn − (σM + σQ) σ

′
Q)

– Define Bj(τ ) = Conditional Bond Price = E
[

Mτ

Mt

Qt

Qτ
|νt = ν

j,Ft

]
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Stock Volatility

σ
N(πt) = σE + σQ +

∑n
i=1 Gi πit [ν

i − ν
′
πt]

′(Σ′)−1

P/E(πt)

• Inflation, earnings, kernel news affect stock vols but with endogenous weights.

• These endogenous weights change over time.

– E.g. Assume i, j such that πi ≈ 1 − πj, Then

σ
N(πt) = σE + σQ +

(Gi − Gj)πit (1 − πit) (ν i − ν
j)′(Σ′)−1

P/E(πt)

– =⇒ If Gi ≈ Gj, even if high uncertainty, volatility is low;

– =⇒ If Gi >> Gj, even medium-low uncertainty may yield high volatility.

• For bonds, replace Gi by Bi(τ ). Do not vary as much.
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Stock and Bonds Comovement

• Covariance between stocks and bonds is

Cov
(

dPN
t /PN

t , dBt(τ )/Bt(τ )
)

= Cov(τ ) = σ
N(πt) · σ

B(πt, τ )′

• Result: Let there be 2 regimes i and j such that at date t πit + πjt = 1. Then

Cov(τ ) =
[Bi(τ ) − Bj(τ )] πit(1 − πit)

[

(θi − θj) +
(

βi − βj

)]

B(πt, τ )

+
[Bi(τ ) − Bj(τ )] [Gi − Gj] [πit(1 − πit)]

2 × c0

B(πt, τ ) × P/E (πt)

• Corollary: Let θj < θi and Gj < Gi. The covariance is

(a) negative if βj < βi and Bj(τ ) > Bi(τ );

(b) positive if βi < βj < βi + (θi − θj) and Bj(τ ) < Bi(τ ).
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Simple Example

• Low growth regimes only occur with very high inflation or very low (or negative)
inflation.

• Three composite regimes

θi βi κi Gi Bi(τ )
regime 1: (LG, LI) -2% 0% 2% 5.27 81.66
regime 2: (HG, MI) 5% 4% 2% 8.80 56.97
regime 3: (LG, HI) -2% 9% 2% 3.00 36.33

• G1 < G2 but B1(τ ) > B2(τ ):

– =⇒ Uncertainty between 1 and 2 → negative correlation.

• G2 > G3 but B2(τ ) > B3(τ ):

– =⇒ Uncertainty between 1 and 2 → positive correlation.
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Estimation

• Inflation and earnings (fundamentals) are observed by the econometrician.

• The real consumption growth dC/C of representative agent is not observable by
econometrician, but we observe NIPA consumption as signal:

(

dCNIPA

CNIPA

)

= α0 + α1

(

dC

C

)

+ σNdWN

– We estimate smoothing α1 and noise σN as additional parameters.

• Formulate Simulated Likelihood function from daily sampled shocks

• In SMM, use the scores of this SML function and overidentifying moments:

– P/E ratio, 3 Treasury Bond Yields (3m, 1y, 5y)

– Realized volatilities of Stock , 1-Year and 5-Year T. Bond

– Realized covariances of Stock, 1-Year, and 5-Year T. Bond

• Select six composite regimes

– =⇒ 4-factor model with 5-state variables. Three of the shocks are observable.
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Panel A: Preference Parameters

ρ γ δ ρ γ δ

Coeff. 0.01965 10.56 0.8084 st. err. 0.0033 2.77 0.35

Panel B: Composite Regimes and Conditional Prices

Coefficients (%) standard errors (%) Conditional Prices

Earn. Infl. Cons. Earn. Infl. Cons. P/E y(0.25) y(5)

(MG,LI) 3.26 2.53 2.04 0.84 0.10 0.05 16.33 4.57% 4.64%

(LG, MI) -5.18 4.67 2.04 2.97 0.30 0.05 11.40 8.52% 8.48%

(MG,MI) 3.26 4.67 2.04 0.84 0.30 0.05 11.58 8.46% 8.69%

(LG,HI) -5.18 10.19 2.04 2.97 2.71 0.05 9.57 18.03% 12.71%

(HG,LI) 5.41 2.53 2.04 2.91 0.10 0.05 35.90 4.58% 4.75 %

(LG,ZI) -5.18 0.43 2.04 2.97 0.88 0.05 13.45 0.89% 2.32%

Panel C: Diffusion Matrix and NIPA Consumption Signal

Coefficients (%) standard errors (%)

Earnings 10.50 0 0 0 0.26

Inflation -1.86 2.74 0 0 0.21 0.11

Consumption 3.54 0 5.26 0 0.31 0.22

Signal 0 -6.77 0 9.80 8.46 118.54

α0 α1 σN α0 α1 σN

Coeff. 0.0168 0.1801 0.37% st. err - 0.21 0.20%
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Panel D: Infinitesimal Generator

(MG,LI) (LG, MI) (MG,MI) (LG,HI) (HG,LI) (LG,ZI) St.Prob. coeff. st. error

(MG,LI) λ1 λ2 0 0 λ2 60.80% λ1 0.30% 0.08%

(LG, MI) λ3 λ5 λ4 λ2 λ2 5.707% λ2 1.96% 6.90%

(MG,MI) 0 λ3 λ2 0 0 18.60% λ3 12.24% 0.10%

(LG,HI) λ3 λ4 0 0 0 4.469% λ4 14.79% 1.31%

(HG,LI) λ1 0 λ2 0 0 4.945% λ5 23.74% 0.55%

(LG,ZI) λ5 0 0 0 0 5.477%
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Model-Implied Investors’ Beliefs
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Model Implied Beliefs versus SPF Beliefs
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Model Fit versus Data
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Model Fit versus Data
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The Time Varying Signaling Role of Inflation

• Model’s explanation for the variation of the conditional covariance: Inflation news
are positive or negative signals of economic growth depending on investors’ beliefs.

– 1970s/1980s: CPI ↑ =⇒ possible hyperinflation =⇒ bond ↓ and stock ↓

– 2000s: CPI ↑ =⇒ no deflation =⇒ bond ↓ and stock ↑

• Same mechanism has diametrically opposite implications about covariance.

• Model’ simulations to quantify and obtain additional empirical implications:

– Long simulation of 5000 years of weekly data. Report population values.

– 100 short simulations of 60 years of data. Report [5%, 95%] intervals.

• Also compare simulations with model-implied quantities in the 1960 - 2010 sample

– =⇒ provide models’ implications for our sample.

• Run regressions

(Covariance)t = b0 + b1Xt + εt

(Bond / Stock Volatility)t = b0 + b1Xt + εt
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Table 3: Covariance between Stocks and Bonds

Panel A. Model: Simulations Panel B. Model: Fitted

(1) (2) (3) (4) (1) (2) (3) (4)
Const -0.71 0.13 -.09 -0.15 -1.44 0.11 -0.03 -0.16

[ -2.40, 0.40] [ -0.07,0.38] [ -0.22,0.02 [-0.31, 0.04] (-5.92) (2.21) (-0.60) ( -5.38)

ExpInf 0.28 0.40
[0.02, 0.73] (7.31)

ExpEarn -0.01 0.08

[-.014, .011] (2.37)

PHI 2.27 2.85
[1.40, 15.85] (7.17)

PZI -0.83 -2.25

[-5.48 -0.30] (-3.87)

UncInf 34.28 25.36 32.24 21.82
[ 18.90, 41.89] [-2.84,36.47] (6.05) (6.98)

UncEarn -4.12 -5.77

[-6.90,-0.48] (-2.71)
UncEarn×PHI 1.56 -2.77

[ -14.61, 156.73] (-1.03))

UncEarn×PZI -11.31 -18.18

[ -33.45, -6.21] (-5.18)
Adj R2 0.46 0.40 0.81 0.84 0.74 0.72 0.65 0.85

[ 0.20, 0.85] [0.20, 0.92] [0.52, 0.93] [ 0.75, 0.95]
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Panel C. Data

(1a) (1b) (1c) (1d) (2a) (2b) (2c) (3a) (3b) (4a) (4b)
Exp Exp Exp

Earn: Earn: Earn: Model Beliefs: Beliefs: Beliefs: Beliefs: Beliefs: Beliefs: Beliefs:

RCP RGDP Boom Exp. SPF(t+1) SPF(t) Model SPF(t+1) Model SPF(t+1) Model

Const -0.34 0.43 -0.97 -0.62 0.14 0.08 0.06 -0.16 -0.04 -0.41 -0.14
(-1.94) (-1.64) (-1.70) (-2.79) (2.25) (1.08) (1.07) (-1.53) (-0.71) (-2.38) ( -1.57)

ExpInf 0.10 0.10 0.11 0.18

(2.99) (2.80) (2.94) (3.83)

ExpEarn 0.00 0.04 0.01 0.02
(1.24) (1.04) (1.43) (0.91)

PHI 0.22 0.29 1.03

(1.71) (2.11) (5.09)
PZI -3.30 -1.99 -1.11

(-4.75) (-4.28) (-4.54)

UncInf 22.89 12.84 10.59 14.87

(3.00) (2.57) (2.88) (2.80)
UncEarn -1.12 -1.93

(-0.83) (-1.21)

UncEarn×PHI 0.01 -7.37
( 2.00) ( -1.51)

UncEarn×PZI -0.21 -8.10

( -4.10) ( -3.56)

Adj R2 0.19 0.20 0.24 0.26 0.30 0.22 0.23 0.13 0.18 0.37 0.29
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Table 4: Covariance between Stocks and Bonds

Panel A. Model: Simulations Panel B. Model: Fitted

(1) (2) (3) (4) (1) (2) (3) (4)

Const -1.86 -9.73 -0.41 0.11 -4.51 -56.94 1.19 0.08

[ -16.56, 4.29] [ -336.13,740.11] [-0.85, 0.46] [-0.02, 0.25] (-3.69) (-2.83) (3.35) (1.78)
Y(5) 0.22 -0.31 0.34 0.37

[0.13, 0.68] [-13.27, 3.37] (6.19) (1.03)

pe 0.26 7.99 0.92 37.31

[ -2.11,5.09] [-516.62, 235.85] (2.70) (2.80)
Y(5)2 -.03 0.03

[-70.73, 63.62] (1.15)

pe2 -1.62 -6.34
[ -41.35,90.54] (-2.84)

Y(5)2×pe2 0.12 -0.00

[ -0.08,0.25] (-0.49)

Stock Vol 37.34 -7.65
[-45.24, 75.07] ( -2.80)

Stock Vol×PHI 107.43 125.29

[89.56,899.65] (12.95)

Stock Vol×PZI -54.74 -35.69
[ -146.15,86.99] (-4.35)

Adj R2 0.41 0.46 0.35 0.75 0.67 0.70 0.25 0.77

[0.16, 0.80] [0.34, 0.94] [0.00,0.92] [0.63,0.89]
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Panel C. Data

(1) (2) (3) (4a) (4b)

Beliefs: Beliefs:

SPF(t+1) Model

Const -1.04 -6.97 0.38 0.01 0.03
(-2.38) (-2.48) (3.24) (1.60) ( 0.48)

Y(5) 0.10 0.39

(4.20) (3.22)
pe 0.15 3.43

(1.42) (2.20)

Y(5)2 -0.00

(-1.32)
pe2 -0.52

(-2.19)

Y(5)2×pe2 -0.00

(-1.80)
Stock Vol -2.42

(-2.13)

Stock Vol×PHI 8.44 48.59
( 1.45) (6.12)

Stock Vol×PZI -45.39 -7.43

( -4.04) (-9.33)

Adj R2 0.40 0.47 0.20 0.38 0.27
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Non-Linear Relations
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Money Illusion versus Inflation Signals
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Table 5: Bond Return Volatility

Panel A. Model: Simulations Panel B. Model: Fitted
(1) (2) (3) (4) (5) (1) (2) (3) (4) (5)

Const 1.38 2.78 0.88 14.03 0.85 2.81 3.49 1.51 20.83 149.55

[ -5.85,7.19] [1.13,4.15] [ 0.16,1.60] [-38.91,135.78] [ -3913.9 3144.5] (3.32) (10.29) (5.67) (2.99) (1.01)

ExpInf .10 0.92
[-.011,3.94] (4.63)

ExpEarn -.58 -0.81

[ -1.82,-.22] (-6.56)
PHI 12.32 16.86

[7.54, 155.01] (8.22)

PZI 1.84 4.38

[-8.36,23.75] (1.97)
UncInf 128.41 85.82

[101.31, 213.30] (8.41)

UncEarn 10.93 15.21

[-3.08, 23.55] (3.73)
Y(5) 0.62 -2.26 0.38 -2.60

[ -1.39,2.52] [ -56.12 14.29] (1.23) (-1.32)

pe -5.23 -41.21 -6.80 -87.32
[ -46.48, 12.19] [ -2047.3 2856.2] (-3.32) (-0.85)

Y(5)2 -0.21 -0.06

[ -3.41,4.58] (-0.35)

pe2 4.59 13.34
[ -519.00 344.77] (0.76)

Y(5)2×pe2 0.07 0.04

[ -0.54 1.28] (1.37)
Adj R2 0.51 0.36 0.89 0.37 0.43 0.77 0.56 0.87 0.53 0.57

[ 0.27, 0.84] [0.24, 0.77] [0.78, 0.97] [ 0.09, 0.81] [0.32, 0.95]
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Panel C. Data
(1a) (1b) (1c) (1d) (2a) (2b) (2c) (3a) (3b) (4) (5)

Exp Exp Exp

Earn: Earn: Earn: Model Beliefs: Beliefs: Beliefs: Beliefs: Beliefs:

RCP RGDP Boom Exp. SPF(t+1) SPF(t) Model SPF(t+1) Model
Const 3.93 5.20 9.14 3.37 4.50 4.64 3.92 2.28 2.59 0.84 21.17

(3.79) (5.02) (4.69) (3.15) (14.79) (15.58) (10.30) (2.54) (5.03) (0.18) (0.96)

ExpInf 0.45 0.39 0.32 0.87
(1.26) (1.20) (0.98) (2.33)

ExpEarn -0.04 -0.48 -0.06 -0.74

(-1.40) (-3.11) (-2.90) (-5.49)

PHI 4.85 4.72 19.02
(1.95) (1.92) (6.77)

PZI 5.64 3.23 4.60

(2.54) (2.32) (6.29)

UncInf 43.51 100.03
(1.39) (4.02)

UncEarn 19.17 5.41

(2.54) (1.00)
Y(5) 0.58 -1.24

(2.13) (-1.70)

pe 0.11 -11.73

(0.09) (-0.89)
Y(5)2 0.12

(3.48)

pe2 2.36
(1.15)

Y(5)2×pe2 -0.00

(-0.01)

Adj R2 0.16 0.22 0.25 0.42 0.22 0.23 0.44 0.24 0.45 0.28 0.49
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Table 5: Stock Return Volatility

Panel A. Model: Simulations Panel B. Model: Fitted
(1) (2) (3) (4) (5) (1) (2) (3) (4) (5)

Const 11.52 11.67 9.60 -0.75 -1.08 20.78 12.92 11.90 29.41 587.16

[ 6.48,20.10] [9.43,13.77] [ 8.52 12.27] [-60.78, 160.58] [ -3599.2 3167.1] (10.44) (26.06) (18.06) (1.46) (3.65)

ExpInf .49 -1.23
[-1.32,2.51] (-3.10)

ExpEarn -.50 -1.25

[-2.41,-.14] (-5.00)
PHI 7.48 4.71

[ 2.08, 79.01] (2.21)

PZI 2.61 18.91

[ -0.29,45.95] (6.55)
UncInf 57.56 -66.77

[-71.23,110.88] (-1.36)

UncEarn 29.28 42.22

[9.28, 46.56] (2.35)
Y(5) 0.76 -7.11 -0.81 -13.03

[ -2.61,2.43] [ -70.31 12.19] (-0.98) (-4.96)

pe 3.11 33.13 -3.76 -351.36
[-50.93, 21.20] [ -2200.3 2625.4] (-0.68) (-3.35)

Y(5)2 -31.30 -0.40

[-4.10,5.85] (-1.42)

pe2 -8.51 57.00
[ -475.49 396.24] (3.29)

Y(5)2×pe2 0.15 0.19

[-0.75 1.18] (3.02)
Adj R2 0.22 0.13 0.59 0.12 0.34 0.39 0.52 0.26 0.06 0.35

[0.07, 0.85] [ 0.06, 0.79] [0.22, 0.97] [0.04, 0.72] [0.21, 0.94]
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Panel C. Data
(1a) (1b) (1c) (1d) (2a) (2b) (2c) (3a) (3b) (4) (5)

Exp Exp Exp

Earn: Earn: Earn: Model Beliefs: Beliefs: Beliefs: Beliefs: Beliefs:

RCP RGDP Boom Exp. SPF(t+1) SPF(t) Model SPF(t+1) Model
Const 18.96 23.15 41.52 21.90 12.45 13.27 12.45 10.41 12.15 14.28 275.74

(7.04) (6.17) (5.46) (4.84) (10.70) (11.16) (11.42) (5.14) (7.97) (0.99) (3.52)

ExpInf -0.85 -0.95 -1.37 -1.51
(-1.83) (-2.01) (-3.31) (-1.70)

ExpEarn -0.22 -1.83 -0.26 -1.44

(-2.84) (-2.82) (-3.56) (-2.15)

PHI 3.28 2.16 4.21
(1.34) (0.92) (1.29)

PZI 46.87 29.48 24.06

(4.03) (3.77) (3.41)

UncInf -144.02 -75.01
(-1.56) (-1.01)

UncEarn 50.35 38.76

(3.66) (1.50)
Y(5) -0.23 -8.66

(-0.38) (-2.75)

pe 0.43 -154.97

(0.11) (-3.53)
Y(5)2 -0.03

(-0.34)

pe2 24.92
(3.74)

Y(5)2×pe2 0.09

(2.94)

Adj R2 0.12 0.19 0.33 0.12 0.14 0.10 0.18 0.17 0.04 0.00 0.17
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The Time Varying Relation Between Volatility and Price Valuations
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Out-of-Sample Forecasts

• The model captures the correct frequency of movement of volatility

• Out of Sample forecasts tough to make in our environment

– Re-estimate our model every 5 years from 1984 (middle of sample)

– Use latest estimated value to predict future second moments

• Benchmark: similar out of sample prediction of a number of control variables

– NBER, log P/E, Return when negative, 3m and 5-year yields, GARCH inflation
and earnings volatility
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Table 6: Out of Sample Forecasts

2-Quarter Ahead Forecast
Model Forecast Controls Controls + Lag

(1) (2) (3) (4) (5) (6) (7) (8)

Adj. R2 MAE Adj. R2 MAE DM Adj R2 MAE DM

Stock Vol. 26.46 3.54 15.66 3.74 -5.03 21.85 3.29 0.73
Stock Vol. (Ex-Crash) 32.54 3.22 3.45 3.45 -5.33 35.41 2.85 1.20

1Y Bond Vol. 6.39 0.33 0.33 0.26 5.83 5.00 0.19 2.74

5Y Bond Vol. 10.68 1.22 1.22 1.49 -3.77 2.75 1.02 1.27
Stock / 1Y Bond Cov. 32.38 0.04 0.04 0.02 4.24 17.34 0.02 2.74

Stock / 5Y Bond Cov. 47.14 0.12 0.12 0.13 -1.99 33.02 0.13 0.64

1Y / 5Y Bond Cov. 3.91 0.02 0.02 0.02 1.56 0.65 0.01 2.39

4-Quarter Ahead Forecast

Model Forecast Controls Controls + Lag
Adj. R2 MAE Adj. R2 MAE DM Adj R2 MAE DM

Stock Vol. 35.35 4.85 10.20 5.46 -4.10 12.83 4.96 -0.25

Stock Vol. (Ex-Crash) 41.69 4.29 26.68 5.00 -4.28 26.43 4.47 -2.45

1Y Bond Vol. 2.01 0.48 -2.27 0.36 4.49 -2.66 0.33 1.59
5Y Bond Vol. 9.96 1.58 -2.25 2.25 -3.33 -2.52 1.58 -0.03

Stock / 1Y Bond Cov. 35.15 0.05 3.99 0.04 3.67 10.34 0.04 2.77

Stock / 5Y Bond Cov. 55.60 0.23 24.97 0.25 -2.68 30.65 0.25 -0.60
1Y / 5Y Bond Cov. 1.07 0.04 -2.28 0.04 0.90 -2.36 0.04 1.02
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Conclusion

• The time varying comovement of stocks and bonds can be mainly attributed to
the time-varying signaling role of inflation news as signals about economic growth.

• We propose a regime switching model with learning in which CRRA agents are
affected by money illusion to explain the observed variations in the data.

– Key mechanism is that agents learn about “composite regimes.”

– Our estimates reveal that the two extreme inflation regimes, very high and very
low inflation, only occur with negative economic growth.

∗ =⇒ Investors’ learning about such composite regimes changes the condi-
tional covariance between stocks and bonds.

• The model has additional implications for the time variation of volatilities, and
their unstable relation to price valuations.

– It explains why it is hard to explain the dynamics of stock return volatility.

– It explains why bond return volatility appears un-spanned by yields.

• The main mechanism identified by the model provides several additional testable
implications, which are supported in the data.




