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Competitive Equilibrium I

® \We now use the results in TN 1 to determine the competitive equilibrium.

® The notion of equilibrium in this set up is as follows:

1. There are m agents in the economy, each endowed with a stream of consumption good;
2. The consumption good is immediately perishable, so that it must be consumed immediately;
3. Agents can trade their endowments, by selling/buying financial securities;

4. All financial securities are in zero-net supply: For every buyer there must be a seller.

® This is the standard, general equilibrium notion of a pure-exchange economy.

® Notice in particular that there is no production.
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Primitives I

®let B = (Bl, ...,Bd) be a d-dimensional Brownian motion defined on a complete probability
space (§2, F, P) and let {F;} denote the standard filtration of B.

® Let us fix a horizon 1" and let the consumption space be the set L of adapted processes such that
T 2
E <f0 ctdt) < 00.

® Suppose there are m agents, indexed by 7 = 1, .., m.

® Each agent receives an endowment {ei} e L,

® Each agent has a strictly increasing utility function U; : L, — R.

® All agents have a common discount rate ¢. We shall assume it constant, but it could also be a
function of time.

® Each agent will maximize
T
U (c’) = [/ e, (cﬁ) dt]
0

® Notice that we assume here no utility from final wealth, although it could have been inserted
without any trouble.

® We shall assume everywhere that condition A in TN1 hold.
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Financial Markets I

® We assume complete markets. With no loss of generality, let there be d— risky securities with

price processes
dSt = Igutdt + ISO’tdBt

— where Ig is the diagonal matrix with S; on the i7i—th element, and u, and o; are adapted
processes in £ and L2

® Market completeness is achieved by assuming that o is invertible almost everywhere.
® Also, there is a risk-free security, with short rate process r; and price
ﬁt _ engudU
® As in the previous notes, define the market price of risk process
~1
vi=0; (—7ila)

® Assume that the Novikov's condition is satisfied

e
E (exp (5/ u;utdt)) < 00
0
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® Let
t 1 [t
£, = exp (—/ v,dB, — 5/ V&I/udu)
0 0
® \We recall that from Novikov's theorem, &, is a P-martingale.
® Finally, define the state-price density process
Ty = ﬁt_lft (1)

® \We saw already that 7, is such that S™ = S7 is a martingale.

® As usual, a trading strategy (90, 0) is a vector process in H? (S), that is, a space with sufficient
integrability conditions to rule out doubling strategies.

® For convenience, let O = (90, 0), S = (8,89).

® A trading strategy 0 = (90, 0) finances a consumption process c given income e if

L o t

Ht-St:/HU-dSu+/(eu—cu)du20 (2)
0 0

0r-Sr = 0 (3)
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® Notice that the wealth W, = Aét : gt grows also because of the additional endowment that has to
be taken into account.

® The last equality means that no obligations are left at horizon.

® Each agent then faces the problem

sup U (') (4)
(c.0.0)eA;
(c,6",0) € Ly x H*(S) such that (¢°,6)
finances ¢’ given ¢’

— where A; = {

® A security-spot market equilibrium is a collection of price processes (3, S), consumption processes
N\ T

(c@')zl and trading strategies @JL) 1 such that given (3, S), each agent solves (4) and markets

1=

zm:Hi:Oand zm:ci—ei:O
i=1 i=1

® Notice that this is an “endowment” economy, so that the aggregate consumption is just generated
by the aggregate endowment.

clear:

® |n equilibrium, agents trade their own endowments by selling and buying financial securities.
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The Individual Agent Optimization Problem I

® We first look at the optimization problem of one given agent.

® This is assumed to be “small” in the sense of taking the price processes as given and optimize
his/her intertemporal utility given the prices.

® As one can guess, this problem is the same as the one we solved for in TN1.

® The only difference is that now our investor is not endowed with an initial wealth w but with an
endowment process €.

® However, we can use the same technique used earlier to make “static” the budget constraint
(2)-(3).

® Once this is accomplished, it is intuitive that the resulting optimal strategy would be similar.

® Under the assumptions above, let () be the equivalent martingale measure defined by

T 1 [T
Ep = exp (—/ v,dB, — —/ I/;Vudu)
0 2 Jo

® | et the discounted future endowment be denoted by:

T
w' = EY [/ ﬁt_leidt]
0
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® Notice that the expectation is under the ()— measure.

® We recall that for given initial wealth w?, the static budget constraint that we obtained in TN1

T
E@ [/ ﬂt_lcidt] < w'
0

® Hence, in analogy with what found in TN1, we have that the dynamic budget constraint (2)-(3)

was

can be equivalently expressed as

T T
E¢ [ /0 ﬁ;lc;dt] < E¢ [ /0 ﬁ;le’;’dt] (5)

® The way to prove this is to go through the same steps as in Proposition 4 in TN1 and define
c; =c; — ey and let w = 0. It is immediate that one gets (5).

® Finally, using the same method as in proposition 4 in TN1 one obtains:

® Corollary 1: The static budget constraint (5) is equivalent to

E [ /0 ' wtc;dt] <FE [ /0 ' wte;dt] (6)

— where 7y is the state price density defined in (1).

® Notice that the expectation is under the original probability measure P.
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Optimal Consumption and Portfolio Weights I

® From the result of TN1, we then obtain the following result.

® Let 7' : R — R be the inverse of the instantaneous marginal utility function u’, that is, it is
such that for every z we have 7| (u’ (z)) = x.

® Proposition 1: Let the price process (3, S) be given and assume that condition A is satisfied for
agent 7. Then, there exists a solution to the individual investor’'s problem with

cﬁ = IfL ()\¢€¢t7'('t)

E [ /0 ' m I, (Nie®'T) dt] =FE [ /0 ' meidt] (7)

® The relation with the result in TN1 is the following:

— where \; solves

1. The inverse marginal utility function: In TN 1 we had w (c, t), with ¢ included in the utility
function. Hence, the relationship is

ue (e, t) = e, (c)
Hence, if x = u,. (c, t), its inverse is
Z, (2, t) =T, (e”z)

This explains why we have the term “e?”" inside the inverse utility function.
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Optimal Consumption and Portfolio Weights I

2. We defined the function

w(\) = [ /0 " Ot dt]

and we imposed w (A) = w. Clearly, equation (7) is the same condition.

® We finally find the weights to support the optimal consumption. This is identical to our findings
in TN 1, but it is useful to review them here again.

® From the proofs in TN1, we found a few important relationships that we must recall first.

® For convenience, define the wealth at time ¢ as

Wi =65, + 68,

® and the discounted wealth as
Wi =6, Wi=6"+6;S5," =6} + 68,

— where we recall that S, = S,3; * is a martingale under Q).
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Optimal Consumption and Portfolio Weights I

d/S\t = I§O’td]§t

® Hence

e where B, is a Brownian motion under () generated by Girsanov's theorem through the formula
R t
B, =B, + / v,du
0

® From the dynamic budget constraint we also have

Wi = 0" +6;-S, (8)
t t
:/02-d8u+/ﬁ;1(62—02)du20 (9)
0 0
® so that
dW; = 87 (el = ¢) dt + 1dS, (10)

= ﬁt_l (ei — cff) dt + 9§I§atd]§t (11)
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Optimal Consumption and Portfolio Weights I

® By defining ¢ = ¢ — ¢! and setting w = 0, propositions 4 and 5 in TN 1 imply that the current

(discounted) wealth is just equal to the expected discounted value of future consumption minus
endowment under Q:

T T
W) = E¢ (/ ﬁ;ch’idu) — Y (/ B! (¢} —el) du)
t t

® This equality is due to the assumption of complete markets: The optimal consumption stream can
be thought of as a security, and W; as its price at time ¢.

® To review how to transform these expectations under () into expectations under P, recall that the
measure () is defined through the Radon-Nikodym derivative le_P = & and hence that we can use
the property that for any random variable Z such that E% (|Z|) < co we obtain

E (2| F)
E (7| F)

EY (Z|F) =
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Optimal Consumption and Portfolio Weights I

® \We then have the following chain of equalities

Be (& S 02" (ci = ei) du)

T
= 22 ([ e ) -

E; (&)
B (s (d—e) ) B (B ) 8 (- eh) du)
N &t N &t
E; <ftT &0, (d —el) du) E; <ftT m, (¢, —€l) du)
) 3 ) 3

® For notational convenience, we can define
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Optimal Consumption and Portfolio Weights I
® \We can rewrite the discounted wealth as
1170 1 i i 1 i i
W) =—E (J;—J;) == (M - J) (12)
&y &
® where we defined the P—martingale M, as
M} = E; (J}) (13)

that ,
M = Mg+ / n,dB,
0

— where we now set M; = 0.

® Recall now that
d§, = —gt’/;dBt

: : : : d
® From the Martingale Representation Theorem, there exists a d—valued process ' € (£2) such

(14)
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Optimal Consumption and Portfolio Weights I

® Hence, from lto's Lemma

avi — M=) dé, +
L & g

M — J! . .
( o ) (a7 —gdﬁt (dM] — d.J})
_ (Mlg e dBt+§1 (nidB, — , (¢, — <)) dt)

M —J! 1 :
( : Dy vivdt + —vim)dt
t t

— WivdB, + - ZMdB: = B, (¢ —¢}) dt
t
_ 1,
+Wiviydt + —vin'dt
t

(dM’ dJ})

+

® Hence, using again B, = B, — fot v, du we obtain

. . . 1 . ~
W) = —=B;" (¢, — e}) dt + 3 <ni - W;u;) dB, (15)
t
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Optimal Consumption and Portfolio Weights I
® Comparing (10) with (15), we then must have
. 1 . L
01500 = — <7712t + th’/:f) = 2+ Wy,

&t &t
® Multiplying both sides by 3, we finally obtain

1 o 77% 1.,/

Uy
— where
1 T . .
Wi=—E, (/ m (c, —€l) du) (17)
7Tt t

® Using the definition |
Wi =0)6,+8;-S,

® we also find the allocation in bonds

0 =67 (Wi —6;-5))
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Equilibrium and the Representative Agent I

® So far we merely repeated the exercise in TN1. Now, we impose market clearing conditions and
obtain the equilibrium results

® |n this section we are going to skip even more of the details.

® | et the aggregate endowment be denoted as

® From the results in the previous section, we then have the following

® Corollary 1: In any equilibrium, we must have

Cy = ZIZL (>\¢€¢t7'('t) (18)

1=1

® where )\; satisfy the system of equations

B [ / L (T (vet) — i) dt] 0 (19)
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Equilibrium and the Representative Agent I

® The converse is also true: If there exists a vector A = (Ay, .., A,,) such that (18) and (19) are
satisfied, then the market is in equilibrium. In either case, the optimal consumption is given by

¢ =T, (\e”'m) (20)

® The only part of the proof yet to determine is that if there exists A = (A, .., A;;,) such that (18)
and (19) are satisfied, then the resulting market is in equilibrium.

® This is true because
1. If the vector exists, then we know that (20) maximizes utility.

2. Hence, (18) implies that the commodity market is cleared

3. From the previous proof, recall that portfolio weights were determined by the martingale

t T
M = / n'dB, = E; [/ Tu (CZ — 62) du]
0 0
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* From (19) we have Y | M/ = 0 which implies >°"" , ' = 0.
* Summing over (17) and then (16) we finally find

iwg’ =0, zmjei =0, ieﬁ” =0
=1 1=1 1=1

® Equation (18) is key in the construction of a representative agent.

— Given the representative agent, we shall characterize the parameters of the process.

® Given a vector A = (A1, ..., A, let's define the function
I (oA = YT (ha)
i=1

® This a continuous, decreasing function for x € (0, 00).

® Define by U, (.; \) the inverse of Z (.; A), that is, that function such that for every z, we have
Ue (T (2,A), ) = @ (21)

® This function is strictly decreasing on (0, c0).

® Notice that the monotonicity of the function implies

T, (U.(c,A),N) =¢
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® Using these definitions, we can rewrite (18) as
e, =1, (€¢t7'('t, )\)
® We can then invert this function to obtain a formula for the state-price density
m = e U, (e ) (22)

® The form of this state price density should look familiar.

® From corollary 1, we have

® Corollary 2: Under condition A, a financial market is in equilibrium if and only if its state-price
density is given by 7; in (22) where X satisfies the system of equations

E [/T e U, (ex; N) (T, Ao (es; X)) —e}) dt| =0 (23)

® |n addition, consumption is given by

¢ = T, AU (e X)) (24)

® Corollary 2 characterizes an equilibrium, if it exists.
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The Representative Agent I

® Define the function .

1 .
N — (e 25
U <67 A) 0120,..,cmrg(%xz:ﬁ1 c;j=cC 2221: )\Zu <C ) ( )

® \We then have

® Proposition 1: U/ (c; A) is a strictly increasing utility function satisfying condition A. In addition

dU (¢, A)
AR
T U (¢, )
— as defined in (21).
® The key point in the proof is to define
¢ =T, (AU (¢; X)) (26)

® and show that effectively, these ¢! satisfy (25).
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® This is easy to see. Notice that (26) implies that
ul (¢) = AU, (¢; N) (27)

® Hence, consider now any other (cy, .., ¢;,) such that >, ¢; = ¢.

® From the strict concavity of the utility functions we have

1..
Zr =

® So, we have defined a representative agent who assign constant weights A = (A, ..., \;;,) to the
various agents 1 to m.

® Given the result in (23) and (26), the weights Ay,...,\,;, are chosen so that the optimal consumption
of the representative agent equals the aggregate endowment.
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® We finally notice the following homogeneity property of the aggregate (representative) utility
function:

® For every constant «, we have

Uc,al) = a U(c, A
U.(c,aX) = a U.(c, )

® Since the marginal utility U, (¢, «\) determines the state price density, this property is convenient
to renormalize the state price density.

® Theorem 1: There exists a vector A that satisfies the system (23). In addition, if for all i

—CUe (C)

U (c) =1

this solution is “unique” in the sense that any other solution X\ implies the existence of a constant
a such that

ald. (er, N) = U, <et, X)
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Characterizing the Equilibrium I

® \We now have all the ingredients to solve back for the parameters of the price process and the
interest rate process.

® First, notice that we can renormalize the state price density so that
5'('\0 = Z/{C (60; )\) =1

® Define the process

Et = U, (e; A)

® By Ito's lemma we have

R t 1 t
=1+ / Uee (€4 N) dey + 5/ Ueee (€4 A) (deu)2
0 0

® |f we assume that the aggregate endowment evolves according to the Ito process

th = €t,u€7tdt + eto-e,tdBt




Pietro Veronesi Modern Dynamic Asset Pricing Models - Equilibrium with Complete Markets page: 25

Characterizing the Equilibrium I

® we obtain
t 1
gt = 1+ / (Z/{cc <€u; >‘) Culbey, T 52/{000 <€u; >‘) eiae,uo'/e,u) du
0
t
+ / Uee (ey; N) €40, dBy, (28)
0

® Recall that from (22), we must have that the state price density is
T = €_¢t§t

® On the other hand, we also have that given a system of prices (3, S), each following a lto's process
as described at the beginning of the teaching notes, we must have that the state price density is

T = ﬁt—lgt

1 t t
£ = exp (——/ vV du — / I/udBu)
2 Jo 0

® where
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Characterizing the Equilibrium I

® Notice that since &, = 1, &, satisfies the integral equation

t
§=1-— / fu’/;dBu
0

® Define N t
& = me? = gyeh ¥t

® \We then have

§=1+A<¢—mEMW1£@meL (20)

® By definition, in equilibrium we must have
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Characterizing the Equilibrium I

® Hence, equating the integral equations (28) and (29) we obtain the equalities

~ 1
(gb - Tt) gt = U <€t; >‘) Etlhe ¢+ + §Z/{ccc <€t; >\) €§Ue,t0'/67t
gt’/; = —Ue <€t; >\) €t0¢ t

® Recall that by definition &, = &, = U, (ex; ), obtaining
r. — gb . Z/{cc <€t; >‘) €t . luccc <€t; >‘) 6%
t U (exN) T2 U (e )
Uee (er; N) €1
Oet
Z/[c <€t; >‘) 7

/
Jevto-G,t

Vy = —

® We can further define the relative risk aversion of the representative agent as

U.(e;N)e
v(enA) = — Z/[((ét.)z)t

® and the relative prudence coefficient of the representative agent as
Z/{ccc <€t; >‘) €t
Z/[cc <€t; >‘)

qlesA) = —
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Characterizing the Equilibrium I

® We can rewrite the equations as

1
o= 047 (e A) pey — 57 (e A) g (e A) Te10,,
vi =7 <€t; A) U/e,t

® Therefore, we conclude that

1. The risk-free rate increases linearly with the discount rate ¢ and the relative risk aversion
coefficient v (es; A), while it decreases with the relative prudence parameter ¢ (e;; A) and with
the variance of the endowment process o ;07 ;;

2. The market price of risk v, increases linearly with the relative risk aversion coefficient and the
variability of the endowment process o ; (recall that v; is a vector).

® These results immediately imply the following equilibrium concept.
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The Equity Premium and the Consumption CAPM I

® From the definition of v; we have

O't'Vt:Ht—Ttld

® \We then obtain
py —1idlg =y (er; A) O-to-/e,t

® That is

: 30
Sz Y et ( )

dSZ de th

E [ S,ft — rdt = 7 (er; X) X Cowy

® That is, the expected excess returns of asset ¢ depends on the relative risk aversion and the
covariance between asset ¢ and the aggregate endowment process.
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® There are two puzzles here:

1. Equation (30) must hold for the market as a whole.

® The correlation between stock returns and consumption growth is anywhere between .12 and
-.05 (see Campbell and Cochrane (1999), Table 7)

® Even with the optimistic assumptions of correlation = .12, volatility of return = .17 and
volatility of consumption growth =.02, we have expected excess return = .4% even with
v = 10.

® So, v = 100 would be needed here to obtain an equity premium = 4%.

® Note that the risk free rate may actually end up being reasonable if v is high enough: For
instance, v = 100 produces r =0 if ¢ = .02, u, = .02 and o, = .02.

® The reason is that the precausionary saving motive —1/27 % (v + 1)o? kicks in.

2. The second puzzle is about the cross-section: The consumption CAPM does not seem to work.

® Using the Fama French size/book-to-market portfolios as test portfolios, a Fama-MacBeth
regression of returns on consumption growth yields an insignificant coefficient =.22 and cross-
sectional R? = 16% (see Lettau and Ludvigson (2001, Table 3).

® Recent papers however point at noise in the consumption data and they show that if one uses
more lags and leads to compute consumption growth, the result works out.

® Typical pitfal: Note that even if a Fama-MacBeth coefficient turns out to be positive and
significant (and the R” is high) there is still an issue of economic significance: The ~y needed
to rationalize the result may be too high, as in the case of the aggregate market.
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The CAPM I

® From (30) it is possible to find a "beta” relationship.

® Define the 1 X d process 1), using the relationship
")bt'IS'O't:et'o'e,t

® \We can consider 1), as a self-financing strategy (90, 0) by choosing 01 = wi and 9? to meet the
self-financing constraint.

® Let Sf be the value of the portfolio SV = Y, - S;. We then have

ds’
—Sé = Mw)tdt + qu’tdBt
t
— where |
&
o 7t:—’l,b 'IS'O’t:—O' 1
TR T

— and p,,; satisfies the condition (30)

[y — Tt =7 (er A) X o740, (31)




Pietro Veronesi Modern Dynamic Asset Pricing Models - Equilibrium with Complete Markets page: 32

The CAPM I

® Hence, we finally have that forallz=1,..,n

/

py =i = 7y (en A oo

et
sy
= y(e; A) X e—i X Jiagﬁ,t
® Since this holds for the portfolio 1) as well, that is
Sy

,uf — 1 =7y (es; A) X — X JWJQM
t

¥
® by substituting for the common term 7 (es; A) X i—tt we obtain the CAPM “beta” relationship

dS: . dsy
Et ( S;) — ’]“tdt = ﬁi X (Et (S—Z;> — Tt1d>

 ol.gl,, coy (ds;' /Si,dS} /Sf)
Y. TR, L U7
vt T St vary | dS; /Sy

— where
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The CAPM I
® Note:

— The (conditional) CAPM works with respect to that asset that is perfectly correlated with the
endowment process (and thus the stochastic discount factor).

— This need not be the market portfolio. The existence of labor income, for instance, generate
a wedge between the stochastic discount factor and the market portfolio: Thus, the CAPM is
not supposed to be working (theoretically) with respect to the market portfolio.

— But even in the case where there is no labor income it is not obvious that the market portfolio
is perfectly correlated with the endowment process.

— We will do more on this later on in the course.
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An Asset Pricing Relationship I

® Suppose that agents 7 sells a financial asset whose payment is its entire endowment (or a fraction
of it), that is €}.

® What is the fair price of this stream of payments?

® The above results imply that the price at time ¢ of this claim is

i 1 T :
S = —FE; [/ WueZdu] (32)
t

Tt

1

® In fact, if this was not true one could find a trading strategy (6, @) that finances ¢! and whose
value is (32). This in turn generates an arbitrage opportunity.

® Indeed, the value of total endowment process is simply

1 1
_ —o(u—t)
S = " (Q)Et [/t e U.(e,) eudu] (34)

® \We will use this pricing equation often.
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A simple example: Log Utility I

® Suppose all the agents have logarithmic utility

u' (ct) = log (ct)

® so that the inverse of the marginal utility is given by

' ~1
1,(z) =z
® |n this case, the marginal utility of the representative investor is

1~
Z/lc(c):EZAil
1=1

® We can renormalize the weights so that >, A! = e;, which we can assume positive.

® \We then have
Z/[C (60) =1

® The vector A = (Ay, ..., A\,) has to satisfy the system of equations (23),

E [/T e U, (ex; N) (T, Ao (er; X)) —e}) dt| =0 (35)
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A simple example: Log Utility I
® which becomes
g €0 €0 -
E / e M= (A@'—) —e; | dt| =0 (36)
0 & €t
® and in turn
E [fOT e_¢t3dt]
)\;1 = € T (37)
o e“tdt
® Hence .
T =€ U, (e N) = e
&
® \We then have that
e e
¢, =TI, (Ne”'m) =T, (AZ—O) S P (38)
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A simple example: Log Utility I

® Finally, we have

_etucc (6757 >\) _ _et (_60/63) —1
U. (e, \) eo/ et

_etuccc <€t7 >‘) _ €t2€0/€§ — 9
Z/[cc (6757 >‘) <—€0/€§)

v(esA) =

qlesA) =

® Hence, the condition for the market equilibrium are

/
ry = gb + Het — OectOcy

et
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An Alternative Formula for the C-CAPM I

® Before commenting further, notice also that an alternative expression for the (30) can be obtained
as follows.

® We know that at an optimum, the following condition holds (see (27))

ul (&) = Ao (e:A) (39)

® Hence, rather than using the representative agent utility function, we may think of using the
marginal utility of agent ) defined on the optimal consumption path ¢’.

® Equation (39) ensures that the two approaches are identical.
® Define the process

2= Ly (@)

J

® Define the state-price density of agent J as

~1 _1’\j
772 = B &
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An Alternative Formula for the C-CAPM I

® By going through the same type of calculation, it is clear that everywhere we can substitute the
“representative agent” utility and endowment, with agent ¢ utility and consumption.

® As a consequence, on then obtains

ds! iy ds! de]
E[S;.]—rtdt = 7y <t)xCovt<S§,g

— 4 <At> x Covy (%SF,C@)

t

® where

® is the coefficient of absolute risk aversion of agent 7.

® Divide now both sides by a’ <€i) and sum across j = 1,...,m. Since from the market clearing

P n —~
condition ) ., ¢/ = e; we must have

Z CO?)t (d—)slt, d/C\i) = COUt (d_‘S;t7 d/c\i)
j=1 St 8

t
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An Alternative Formula for the C-CAPM I

E d—St —rdt =T (c;) x Covy d—st,det
S} S}

® we obtain

® [ he coefficient !

2?21 a’ <EJ£)—1

® is the coefficient of absolute risk aversion of the market itself.

['(e) =




