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1 Elements of Probability Theory

e () = set of states of nature.
~ Examples: (i) Q = {w1,..,wp}; (11) Q=R"

e F = 0— algebra on €). That is, a set of subsets B; C ()
such that:

1.0 e F;

2. B;€e F =B € F;

3. Be Ffori1=1,2,..—U; B, € F.

- Examples: F = {(), Q} is the trivial o—algebra; For (i),
F =2 = set of all subset of Q; For (ii) F = B(R") =
Borel o—algebra = sigma algebra generated by all the
open sets on R".

e P = Probability measure on 2, that is a function P : F —
[0, 1] such that

1. P(0)=0;
2. P(Q) =1;
3. For every By, By, ..., such that B, N B; = ()

P(U;B;) =X P(B))

— Examples: For (i) any distribution p = {p1,...,p,} on
Q) = {w1,..,wp} such that p; > 0 and xI"; p; = 0; For
(ii) take any non-decreasing function F : R — [0, 1]
such that F'(—oo) =0, F'(00) = 1 and for every (a, b) €
B (R) define P ((a,b)) = F (b) — F (a).
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e (€2, F) is called a measurable space.
o (2, F, P) is called a probability space.

« A probability space (2, F, P) is complete if all the subsets
of sets with zero probability are part of F;

— The use of complete probability spaces is for technical
reasons only. We will discuss this below.

« An event B; € F is almost sure it P(B;) = 1;

1.1 Random Variables

e A random vartable X is a function X : ) — R that is
measurable with respect to F, that is with the property that

for every B € B(R), {weQ: X (w)e B} = X 1(B) €
F.

— We need this property to assign a probability distribution
on the realizations of X!

— For example, if
x () = {wl,wg,wg};
« F = {@7 Q) Wi, {CUQ, (,dg}},
«and P(wy) =p; and P ({wy,w3}) =1—py
— if the random variable X : €0 — R is such that X (wy) #

X (w3), we would not be able to assign a probability to
either values X (w9) and X (ws).

~ Hence, a random variable defined on the space (2, F, P)
must be such that X (wy) = X (w3).
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e Let X : €2 — R be given. We say that the o—algebra F
is generated by X if it is the smallest o —algebra that makes
X measurable with respect to it. We often denote it o (X).

— Example:
« Let © = {wy, wo, w3} and X = {a, b, b}.
« Then F = {0, 2, w1, {ws, w3} } is the smallest o —algebra
that makes X : {J — R measurable.

« Notice that X is also measurable with respect to the
o—algebra F = 2,

o A random variable X is simple it X = ¥}' | o;1p, where 1p,
1s the indicator function of the event B;. Let S be the set of
all simple random variables on ).

e The expectation of X is defined by

E[X] = é ;P (B))

e Let X be a non-negative random variable: Then, we define:

E[X] = %EE (Y) subject to Y < X

« More generally, any random variable X can be written as
X =X"—-X" =max(X,0) —max (—X,0). If £E[X] and
FE [ X 7] are finite, then X is said to be integrable and we
define

F[X]=E[X"| - E[X]
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1.2 Convergence

o A sequence {X,} of random variables converges to X:

(1) wn distribution, if for every bounded f : R — R, we
have E [f (X,)] — E[f (X)];

(2) in probability, if for every e > 0, we have P (| X,, — X| <¢) —
0;

(3) almost surely, if there exists B C ) such that P (B) = 1
and X, (w) — X (w) for every w € B.

« We have (3) = (2) = (1).

 The following results of probability theory find wide applica-
tions in finance:

« Monotone Convergence Theorem: Let {X,,} be a sequence
of random variables such that X,, > 0 and let X,, T X almost
surely. Then

E[X.] T EX]

:Notice that the notation P (|X,, — X| < ¢) really stands for
P{weN:|X,(w)— X (w)]| <e}), that is, the probability of
those states of nature w € (2 such that the condition holds.
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e Fatou’s Lemma: Let {X,} be X,, > 0. Then?
FE [liminf X,)] < liminf £ [X,]

« Dominated Convergence Theorem: Let { X, } be a sequence
of random variables defined on a probability space with | X,| <
Y for all n, where Y is a random variable with F [|Y]] < oo.
Suppose that X,, — X almost surely. Then

E|X,] — E|X]

1.3 Equivalent Probability Measures and the Radon-
Nikodym Theorem

o Let (€2, F) be a measurable space and let P and @ be two
probability measures defined on (2, F).

e The probability measure @) is absolutely continuous with
respect to P if for each A € F, P(A) = 0 implies Q (A) =
0.

e The measures () and P are equivalent if each one is absolutely
continuous with respect to the other.

« An important example of an absolutely continuous probabil-
ity measure is the following:

sGiven a sequence of real numbers {z,}, let E =
{x : there exists a subsequence {z,, } with z,, — z}} and let
x* =supk and z, = inf E. x* and x, are defined as the up-
per limit and lower limit of {z,} and denoted as x* = lim sup x,,
and z, = liminf z,,. Given a sequence of random variables X,
() — R we define the random variable X, (w) = liminf X, (w)

by X, = liminf X,.
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o Fix a random variable £ : 0 — R with £ > 0and E [£] = 1.
If we define for all A € F

Q(A) = [,&(w)dP (w)

Then, @ (A) is a probability measure that is absolutely con-
tinuous with respect to P.

e Radon-Nikodym theorem goes in the opposite direction:

~ Let @ and P be two measures with () absolutely continu-
ous with respect to P. Then there exists a non-negative
random variable & such that

Q(A) = [,&(w)dP (w)
for all A € F.

— In addition, () and P are equivalent if and only if £ is
strictly positive.

o This random variable £ is called the Radon-Nikodym deriva-
tive and it is often denoted by d@Q/dP.

« Two properties of the Radon-Nikodym derivative are as fol-
lows: Let Z be a random variable such that E9 [|Z|] < oc.
Then

1 E9[Z] = EP [¢Z]

2. It G C F, [
#1210~ o gy
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1.4 Filtrations and Processes

o Suppose that there are multiple periods and let 7 be the set
of times (e.g. 7 ={0,1,...,T} or 7 =[0,T] with T finite or
infinite).

o Fix the set of states Q. A filtration {F; : t € T} is a family
of sub-oc—algebras such that F, C F; if s < t.

o Intuitively, the “filtration” describes the evolution of infor-
mation over time.

~ Example: Q2 = {w1,ws,w3}. Then a filtration could be

Fo = {(2)7 Q}
fl = {®7 Q7w17 {CUQ,CU:;}}
FQ _ 29 _ { Q))Q)wl){w%w?)}) }

wa, {wh Cdg} y W3, {Cdl, wQ}

— In this example, at time ¢ = 0 there is no information,
at time ¢ = 1 we know whether w; realized while at time
t = 2 we have perfect information.

« The following two notions are often used:

— A filtration is left continuous if F; = o(Us4Fs): That
is, if it is the o —algebra generated by the events occurring
strictly before ¢.

— A filtration is right continuous if F; = NesoFi4e for
every t > 0: That is, any event occurring exactly at time
t is “included” in the information set at time ¢.

e A process X defined on the probability space (€2, F, P) is a
set of random variables X; : (2 — R.
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— The process X is called measurable if for every B €
B(R)
theset {(t,w) : X; (w) € B} belongs to the product o —algebra
B(T)®F.

~ Given w € €, the function X; (w) : 7 — R is called

trajectory or realization of the process, corresponding to
w.

o A process X is adapted to the filtration {F;} if for every t,
the random variable X; is measurable with respect to F;.

« That is to say, given our information at time ¢ described by
F:, we can fully “observe” the value of X; by observing a
realization in Fy.

e Let X be a given process. Then, a natural choice of filtration
is the one generated by the process itself

Fi=0(X;0<s<1)

That is, the smallest o —algebra with respect to which X is
measurable for every s € [0, ¢].

— Example: If Q = {w, wy, w3} and the process X; is such
that
Xo(w) = {a,a,a}
Xi(w) = {a,b,b}
Xo(w) = {a,b,c}

then for every ¢t = 0, 1,2, the smallest c—algebra that
makes X measurable is given by

fO — {Q))Q})
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‘Fl - {®7Q7w17{w27w3}}
Fy = 2°

— In fact, X is measurable with respect to Fy; X7 and X
are measurable with respect to F; and X, X7 and X5
are measurable with respect to Fo.

— By construction, the process is adapted to the filtration
{Fi}.

— Notice that the process X it is not adapted to the alter-
native filtration

fO - {(2)7 Q}
Fl — {®7Q7w37{w17w2}}
Fp = 2"

— At time t = 1, we know whether w3 realized or not.

— If ws did not realize, we cannot tell what is the value of
Xq: Isit ‘@’ or ‘°0°7 We cannot measure X given our
information Fj.

e Remark: Although intuitively the filtration generated by the
process X is what we need for our finance applications (it
describes the information available at every time ¢, depending
on the path of X from 0 to ¢ only), for technical reason this
filtration is not rich enough. We need to complete it, that
is, augment the filtration by the subsets of sets with zero
probability. This is necessary to make the filtration {F;}
right continuous.
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« Sometimes a stronger notion of measurability is necessary

(but the intuition is the same).

e A process X is progressively measurable with respect to

1.5

the filtration {F;} if for every t > 0 and A € B(R), the
set {(s,w):0<s<t we X;(w)e A} belongs to the
o—algebra B ([0, t]) @ F;.

From results in analysis, we have that if X is progressively
measurable, then it is measurable and adapted. The converse
is not always true.

However, we have the following: If X is adapted to {F;} and
every sample path is right continuous (or left continuous),
then X is also progressively measurable with respect to F;.

Finally, a very useful result is the following:

Fubini Theorem: Let X; be a measurable process defined on
a probability space (Q2, F, P). If

E(/()T\Xt\dt) < 0

Then , ,
E(/0 Xtdt> = [' B[X/]dt

That is, we can change the order of integration.

Stopping Times

Suppose we are interested in the occurrence of a certain phe-
nomenon: An earthquake for example.
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o We are then interested in instant 7" at which this occurs for
the first time.

o Clearly, the event {w : T (w) < t} should be part of the in-
formation accumulated up to ¢, that is F;.

e A random time T is a random variable with values in [0, 00);

o Let (€2, F) be a measurable space endowed with the filtration
{F:}. A random time T is a stopping time of the filtration,
if for every t > 0 the event {w : T (w) <t} belongs to the
o—algebra F;. It is instead an optional time if the event
{w: T (w) < t} belongs to the o—algebra F;.

— If the filtration is right-continuous, then stopping time =
optional time.

— If T" and S are stopping times, then so are T'A S, T'V S
and T+ 5.4

o Finally, we have the following: Given a stopping time 7" and
a process { X, Fi}, define the random variable on the set
{T < >}

Xr(w) = X7 (w)

e Then, random variable X is Fr—measurable, and the “stopped
process” { Xrps, Fi} is progressively measurable.

— The use of “stopped process” is very common in continu-
ous time finance, because it allows us to define a stochastic
integral under mild conditions on the integrand function.

“The notation is standard: T'A S = min (7,S) and TV S =
max (7', 5) .
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1.6 Conditional Expectations’

o For any integrable random variable X on (§2, F, P) and given
a sub-o—algebra G C F, there exists a random variable Y
that satisfies

1. Y is integrable and measurable with respect to G;

2. Y satisfies the functional equation
J,YdP = [, XdP forall G € G

e Y is called conditional expectation of X given the sub-
o—algebra G C F and is denoted by E [X|G].

 This random variable has several properties, which also allow
us to derive the conditional probability. In the following, all
random variables are assumed integrable.

1L EX[{0,Q} = F[X];

2. B[ X|F|=X;

3. If X = a almost surely, then F [X|G] = a;

4. If a and b are constants, then E [a X + bY'|G] = aF [ X |G]+
bEY|G];

5. If X <Y almost surely, then F [ X|G] < F[Y|G];

o [E[X|G]] < EIX]|9];

7. If lim, X,, = X as., | X,| <Y, and Y is integrable, then
lim, F [X,] = F[X] as.

8. If X is measurable w.rt. G, and if Y and XY are inte-

grable, then
E[XY|G] = XE[Y|G]

This section is from Billingsley (1986)
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9. If X is integrable and the o—fields G; and G satisty G; C
Go, then almost surely

EE|X]G][9] = E[Y|G)]

e These last properties imply the following. Let T and S be
two stopping times. Then

1. B X|Fr| = E[X|Fras) on {T < S}
2. B [E [X‘fT] ‘fs] =F [X‘fT/\S] .
« Notice that all these properties imply equivalent properties

for the conditional probability measures. In fact, given the
sub-oc—algebra G, for all A € G we have

P(A|G) = E[14]9]

1.7 Martingales
« An adapted, integrable process X; is

— a martingale if ' [X;|F;] = X, fort > s;
— a sub-martingale if E'[X;|F] > X for t > s;
— a super-martingale if E [X;|F,] < X, fort > s;
« A martingale can also be defined as an adapted, integrable

process such that for any bounded stopping time T', E [ X7] =
E1X:

 The following results are often used in asset pricing:
- Let { X, F;} be a martingale (submartingale) and let ¢
R — R be a convex (convex, non-decreasing) function,

such that E [¢ (X;)] < oo for t > 0. Then {¢ (X3), F}}

is a submartingale.
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— Doob-Meyer Decomposition Theorem: Let the filtration
{F:} be right-continuous and such that Fy contains all
the P-null sets of F. If the right continuous submartin-
gale X = {X;, F;} satisfies some regularity conditions
(loosely, they are uniformly integrable), then there is a
unique decomposition

Xy = M+ Ay

where {M;, F;} is a right-continuous martingale and A;
is an increasing process, that is, such that for each w € (2,
A (w) is increasing in t.

1.7.1 Local Martingales

« The notion of martingale is also local.

o Let {X;, Fi} be a process. If there exists a non-decreasing
sequence {7}~ of stopping times of {F;} such that the
stopped process {X]' = Xiap,, Fi} is a martingale for each
n > 1and P [lim, .. T, = oo] = 1, then we say that X is a
local martingale.

— Clearly, any martingale is also a local martingale. How-
ever, the opposite is not true. We will see some examples
where local martingales are not martingales.

— It turns out that these properties are useful to study issues
related to no-arbitrage.

« Result 1: any non-negative local martingale is a super mar-
tingale.
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— This is an immediate consequence of Fatou’s Lemma. In
fact, since { X'} are non-negative, for any t and s > ¢

« An immediate consequence is also

« Result 2: Any local martingale bounded from below is a
super-martingale.

e A final important definition before moving to Brownian mo-
tions:

o A right-continuous martingale { Xy, F;} is square-integrable
if £[X7?] <oo. If Xg=0as., we write X € M.

o Since { X7, F;} is a non-negative sub-martingale, it can be
decomposed as
X2 =M, + A

where { My, F;} is a right-continuous martingale and { A;, 7}
Is an Increasing process.

o For X € My, we define the quadratic variation of X to be
the process < X >;= A;. That is, < X > is the unique,
adapted (natural) increasing process for which < X >¢= 0
a.s. and X;— < X >; is a martingale.

o This terminology is due to the following result: Fix ¢ and let
I = {to,tl, ..,tm} with 0 = t() < 11 < ... < tm = t be a finite
partition of [0, ¢]. Define the p—wvariation of the process X
over the partition II as

VP (I = 21X = X |
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o Let |II| = max (¢t — tx—1). If the process X is a continuous
martingale, then

< X >= lim ; A% (IT) (in probability)

]
|

2 Brownian Motions and Stochastic Inte-
grals

o Fix a probability space (Q, F, P). A standard, one dimen-
sional Brownian motion (or Wiener process) is a continu-
ous, adapted process B = { By, F;} defined on the probability
space (€2, F, P) with the properties

1. By = 0;
2. By — By is independent of F;
3. B — By ~ N (0,t —s) .

o From its definition the Brownian motion { By, F;} is a square-
integrable martingale.

o It also has the following two properties

1. Infinite variation

|Hl|120 AS (IT) = oo as.

2. Finite quadratic variation

|Hl|i£0 AS (IT) =t a.s.

o Property (1) implies that the standard BM is nowhere differ-
entiable.
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e A process X is a Brownian motion if
Xy = Xo+ pt +obBy
where B; is a standard Brownian motion.

e A d—dimensional standard Brownian motion is a vector
{B;, 7} with B; = (Btl, ey Bf) of standard Brownian mo-
tions such that B; — By is independent of F, and B; — B4 ~
N(O, (t — S) Id) .

2.1 Stochastic Integration
o Let {B;, F;} be a standard Brownian motion.

 An adapted process 6 : [0, T] x 2 — R is simple if there is a
partition IT = {tg,t1, .., tn} with0 =ty < t; < ... <t, =T
such that 0; = 0, for t € [t,, tpi1).

o In this case, it is natural to define the stochastic integral f 6d B
for any t € [t,, tn11) as

/ot 0,dBs = :201 eti [Bti+1 o Bti] + etn [Bt - Btn]

o We will denote the following spaces: Let £ be the set of
adapted processes. Then

L= HEL/()\Ht\dt<oo}
L2 = QEE/O\Qt\dt<oo}

() i) ] }

her? ( 92dt> < oo}

|
|

H' = {ee,c?
|
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o Then, we have that for any # € H?, there is a sequence of
{6"} of adapted simple processes such that

B[ 07— o) dt] — 0

« Also, there is a unique random variable Yy such that for any
such sequence {0"} we have

B KYQ e H?dBtﬂ 0

« This random variable will be called stochastic integral of the
process {0y, F;} and it will be denoted

T
Yy = |, 6:dB

 The stochastic integral has some nice properties: Let 6,19 €
12
1. If 0 € H! or H?, then [} 0,dB, is a martingale;
2. If 6 € L2, then |t 0,dB; is a local martingale;
— That is, for every n, define the stopping time 7 (n) =
inf {t L 0%ds = n}, let O\ = OrLit<r(n)y-

— Then, 9,§”> € H? which implies /¢ eg”')st is a martin-
gale.
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~ Since 7 (n) — T almost surely, the stochastic inte-
gral Jt0,dB, is defined as the limit of jt 0" dB, as
n — 0.

3. fg (oz@t + 61975) dBt = fg QtdBt + ﬁfg lgtdBt
o Other properties will be discussed later.

 The following result links martingales to Brownian motions
and it is of great use:

« The Martingale Representation Theorem: Let { My, Fi} be
a local martingale, then there exists a d—dimensional process
0, € (£2)* such that

M, = M, + /0’f 6.dB,

2.2 Ito Processes and Ito’s formula

o A Ito process is a stochastic process X; of the form
t t
Xy =Xo+ |, 0.ds + [ 0.dB,
where o 1s such that

P[/Otaids< oo for alltZO] =1

e A short-hand for this notation is the stochastic differential
equation (SDE)

dXt = Qtdt + O'tdBt (1)
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e From the definition of Brownian motion , we have the follow-
ing “rules”

dt -dt =dt-dB; =0 and dB; - dB; = dt

o Ito’s formula: Let X; be the Ito process in (1) and let g :
0,7] x R — R be twice continuously differentiable, then

Y;f =g <t7 Xt)
is also a Ito’s process with
g g 1 0%g 2
dY; = t, X;)dt t, X;)dX; + t, X;) (dX
t = 815( t) +8X< 1) dXi + aXQ( 1) (dXy)

o Multidimensional Ito’s formula: Let By be a d-dimensional
Brownian motion and let 8; and >; be a 1 X n vector and
n X m matrix of processes in £?. An n—dimensional [to’
process is defined as

dX,; = 0,dt + X;dB; 2)

e Let g:[0,T] x RY — RP be a twice continuously differen-
tiable function. Then, the p—dimensional vector

Yt =g <t7 Xt)
is an Ito’s process, whose component number £ is given by
Agy,
vy = 27 (t,X,) dt t, X;) dX;
t at (7 t) +2218X ( t)
e Pae g x) (dx7) (ax7)
2i=1j=10X'0X/ ! ! !
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where | |

 The following property is of great use:

e The unique decomposition property of Ito’s processes: Con-
sider two processes X and Y such that Xy = Y, and with

dXt = /,Ltdt + O'tdBt
d}/;f = Cltdt+ btdBt

o We then have that X; = Y, almost surely if and only if u, = a;
almost everywhere and o; = b; almost everywhere.®

2.3 Girsanov’s Theorem

e A vector 8 = (91, ...,9d> e (£2)" satisfies the Novikov’s
condition if

E

1
exp (5 /OT 0, - Hgdsﬂ < 00

o If O satisfies the Novikov condition, then a martingale &% is
defined by

t L 1
&l = exp (— Jy 0sdBs =5 |, esegds>

'T'wo processes a; and p, are said to be equal almost everywhere
if
T
E VO la; — ,ut\dt] = 0.
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« Notice that £§ = 1. Since this is a martingale, we then have
E [feT] = 1. But then, we can use the Radon-Nikodym the-
orem to define a probability measure that is equivalent to P

aQ’ _
ar

as follows

3

 Notice also that by Ito’s lemma we have
dg} = —€,0.dB,

. Girsanov’s Theorem: Let 6 € (£2)" be given and let & be
a martingale. Then a standard Brownian motion that is a
martingale under () is defined by

Bf = Bt + /Ot est

o In addition, BY has the martingale representation property

under Q%: For any local Q —martingale M, there is a process
Y E (EQ)d such that

M, = My + [, ¢,dB

o We shall use this property often. An additional property is
the following:

o Corollary 1: Let X be an Ito process in RY:
X, =X+ /Ot p.ds + /Ot o.dB,

where o, 1s N X d.
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e SUppose vV = (Vl, e VN> is a vector process in £! such that
there exists some 6 € (£2)" such that

00, =p, — vy

o Then, if €% is a martingale, the X is also an ito process with
respect to the probability space (Q, F, Q9> and

X, =X+ /Ot v.ds + /Ot asng

o That is to say, the Girsanov’s Theorem gives us a way to
adjust probability assessments so that a given process can be
rewritten as an Ito process with almost arbitrary drift.

« Notice the following implications.

e Corollary 2: Let () be any probability measure equivalent
to P and let {F;} be a filtration. By the law of iterated
expectations, the process

Mt:E{ \]—"t}

dpP
is martingale.

e Hence, by the Martingale Representation Theorem, we can
write

dM; = 0/dB;

for some process 1¥; € (LQ)d. Hence, M; is continuous.. It is
also strictly positive because () and P are equivalent. Hence,
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we can define

By defining also the process

1
¢ = exp (— /Ot 0.dB; — -

h 030;d5>

From Tto’s Lemma we have d¢! = —¢0,dB,. If M, = ¢,
then dM; = —M;0,dB; = ¥%dB; (and viceversa) Hence,
M; =& and Q = Q.

o Diffusion Invariance Principle: Let X be an Ito process
with dX; = p,dt + o,dB;. It X} is a martingale with respect
to an equivalent probability measure (), then there exists a
Brownian motion B in R% under Q, such that dX; = 0:dB;,
for t € [0,T].



